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Abstract 

We study ^-differential calculi over compact quantum groups in the 
sense of S.L. Woronowicz. Our principal results are the construction 
of a Hodge operator commuting with the Laplacian, the derivation of 
a corresponding Hodge decomposition of the calculus of forms, and, for 
Woronowicz' first calculus, the calculation of the eigenvalues of the Lapla- 



1 Introduction 

Compact quantum groups and differential calculi over them were introduced by 
S.L. Woronowicz in a series of seminal papers The theory of compact 

quantum groups is now well established — we refer to and [pd]| for recent 
expositions. On the other hand, the theory of differential calculi over quantum 
groups is still in a very rudimentary state of development. A possible reason 
for this is that although it is an important part of non-commutative geometry, 
it does not fit into the framework of A. Connes. The principal difference from 
Connes theory is that the appropriate "integrals" on quantum differential calculi 
are not graded traces but twisted graded traces. This involves the appearance 
of a twist automorphism under the integral sign and the transition from graded 
traces to twisted graded traces is analogous to that from ordinary traces in the 
theory of von Neumann algebras to KMS states. Some of the implications of 
this transition, such as the necessity of developing a twisted cyclic cohomology 
theory, are explored in ||^. 

In this paper we are principally concerned with studying the analogues of 
the classical operators of ordinary differential calculus over a manifold. Thus, 
we show that for the calculi that we study the differential admits an adjoint or 
co-differential and therefore one can define Dirac and Laplace operators. We 
also show that with suitable natural hypotheses on the calculi a Hodge operator 
exists. We then show that the calculus of forms admits a Hodge decomposition. 
This is surprising, since such a decomposition is known not to exist in general 
in the setting of non-commutative differential geometry. 

We derive some general results on the eigenvalues of the Laplacian; specif- 
ically, we obtain formulas for the eigenvalues of the Laplacian when restricted 
to the spaces of lowest and highest dimensional forms. (The eigenvalues of the 
Dirac operator can be calculated from those of the Laplacian.) 

I2OOO Mathematics Subject Classification : 58B32, 58B34 



1 



The differential calculi that we are concerned with are assumed to be left 
invariant (this involves no loss of significant generality, since all the interesting 
examples in the theory are left invariant). The choice of a suitable inner product 
on the space of forms reduces to the question of choosing a suitable inner product 
on the space of invariant forms, which is finite-dimensional in our theory. For 
many results this choice is quite arbitrary, since one needs only assume that the 
inner product is chosen so that forms of different dimensions are orthogonal. 
However, we believe that for the further development of the theory the choice 
of inner product and what kind of properties it should have will play a more 
significant role. We take up this question and show that one can always choose 
the inner product in such a way that the Hodge operator corresponding to this 
choice has such desirable properties as being a unitary that commutes with the 
Laplacian. We also show that the inner product can be chosen so that the twist 
automorphism corresponding to the "volume integral" on the calculus of forms 
is positive. 

Connected with this, we show that under a natural condition on the twist 
automorphism, this twist automorphism can be seen as the generator of a one- 
parameter group of automorphisms on the space of differential forms. This 
one-parameter group mimics the role played by the modular groups of normal 
faithful semi-finite weights on von Neumann algebras. It also provides us with 
a symmetry group like the one discussed in VII. 12]. 

The important question of calculating all the eigenvalues of the Laplacian 
is undertaken in the case of a specific calculus, namely the three-dimensional 
calculus of Woronowicz over quantum SU (2) that was the first ever example of 
a quantum calculus. The formulas for the eigenvalues are complicated, but we 
are nevertheless able to obtain bounds for them that enable us to show a "scaled 
boundedness" result for the commutator of the Dirac operator and an arbitrary 
element of the Hopf algebra underlying the quantum group. This shows that 
although this differential calculus does not fit into Connes' framework, it has 
properties that are close to those required to enable it to fit into the framework 
developed by A. Jaffe (this theory is an extension of Connes' theory). It may be 
that Jaffe's theory can, and should, be further developed to cover this example 
(and the quantum differential theory in general) — in any case, our example 
illustrates what requires to done. 

A very nice solution to similar kinds of problems has been developed in 
and by I. Hcckenberger and A. Schiiler. In these two papers, the authors 
look at metrics which they assume to satisfy the locality property but as a re- 
sult the considered metrics cannot be positive in some cases (like in the case of 
Woronowicz' 4-dimensional differential calculi on quantum SU{2) ). Neverthe- 
less, a powerful theory emerges in their setting. 

Commutator representations of differential calculi and the unboundedness 
of them are also intensively studied by K. Schmiidgen, see for instance ^ and 

i- 

We summarise now what we do in each section of the paper: Section 2 in- 
troduces the basic concepts and terminology that will be needed throughout 
the paper and shows the existence of the co-differential under suitable hypothe- 
ses (Theorem UM- Section 3 is concerned with the existence of the Hodge 



operator (Theorem 3.2) and in Section 4 a Hodge decomposition is obtained 



(Theorem 4.1). In Section 5 we prove some general results on diagonalising 



the Laplacian on the forms of lowest and highest degree. Sections 6 and 7 are 
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concerned with choosing the inner product on the invariant forms in such a way 
that the Hodge operator and the twist operator have desirable properties (The- 
orems 3.1 and 7.9). Section 8 is devoted to the calculation and analysis of the 
eigenvalues of the Laplacian for the three-dimensional calculus of Woronowicz 
mentioned above. At the end of the paper we have included a brief appendix on 
some non-standard results on exponential one-parameter automorphism groups 
that we need. 



2 Differential calculi 

We begin by recalling some basic definitions. 

If Q is an algebra, a positive algebra grading on O is a sequence {fin)n of 
subspaces of fl for which = ©J^o^^n and Qm^n ^ ^n+m, for all n,m > 0. 
The pair (fl, (il„)„) is called a graded algebra. 

A conjugate-linear map w i— > of degree zero is called a graded involution 
on ft if (uj*)* = u! and {u;iUJ2)* = (— l)'^'w2wj[', for all lu £ Q and all pairs 
LUi,LU2 £ ^ oi degrees k and I, respectively. The pair consisting of f2 together 
with this involution is called a graded ^-algebra. 

A graded ^-derivation on is a linear map d: fl for which d{u!*) — (dio)* 
and d{ijj'uj) = d{uj')u! + {—l)'^uj'dLLj, for all us' e ilk and all w € fi. 

A graded *- differential algebra is a pair (O, d), where 17 is a graded ^-algebra, 
d is a graded *-derivation on of degree 1 (as a linear map) and — 0. The 
elements of D, are referred to as the forms of {^,d) and the elements of il/c as 
the k-forms. The operator d is referred to as the differential. 

Suppose now {A, A) is a Hopf *-algebra. (We shall usually refer to the alge- 
bra by the symbol A and suppress explicit reference to the co-multiplication A. 
For Hopf algebra theory we refer the reader to Q.) We say that a graded 
^-differential algebra {VL, d) is a *- differential calculus over A if the following 
conditions hold: 

1. VIq ~ A (as ^-algebras) and, for all fc > 0, life is the linear span of all 
products aodai ■ ■ ■ dok, where ao, . . . , € A; 

2. There exists an algebra homomorphism Ao : fl A^ il such that An(a) 
= A (a), for all a G A, and such that (id^ d)An = Ajic?; 

3. dl=0. 

Note that Condition 2 is called left covariance of the differential calculus. 
(We shall only be interested in left-covariant differential calculi.) 

We now make a sequence of useful observations that follow from this defini- 
tion: 

Conditions 1 and 3 easily imply that the unit 1 of ^ is a unit for the alge- 
bra fi. 

Since d{ab) = {da)b -\- adb, for a,b E A, it follows from Condition 1 that fli 
is the linear span of all products (dai)ao, where oq, ai E A. A simple inductive 
argument now shows that ftk is the linear span of all products (dofc) • • • (dai)ao, 
where ao, . . . , a*; E A. 

It is easily seen that the map Aq is automatically of degree zero and *- 
preserving; that is, Ao(a;*) = Aq{oj)* . 
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Note that (A (g) ida)An = (id^ <^ An)An and (e (g) ido)An = idn, where e 
is the co-unit of A; hence, the map Aq is a left co-action of the Hopf algebra A 
on Q. For the proof, see [Q, Lemma 4.2]. 

Recall that a bi-module T over A is said to be left covariant if there is 
a linear map Ap: F ^ ^ (g) F such that (A (g idr)Ar — (id^(gAr)Ar and 
(e (g idr) Ar = idr, where e is the co-unit of A (that is, Ar is a left co-action) 
and Ar(a76) = A(a)Ar(7)A(6), for all 7 e F and a,b & A. An element 7 e F 
is said to be left invariant if Ar (7) = 1 (g 7. We denote by F'"^ the linear space 
of left-invariant elements of F. 

We shall make use of the following results from the theory of left-covariant 
bi- modules |^ (we do not state these results in their strongest forms). First, we 
need some notation. If % is a linear functional on a Hopf algebra A and a € A, 
we write x* fo^' (id ® x)^(q^) and a* x for {x ^E) id)A(a). 

Theorem 2.1. Let T be a left-covariant bi-module over a Hopf '^-algebra A. 
Then there is a unique isomorphism of left A-modules from A ® T"" onto F 
that maps a g) 7 onto 07, for all a & A and 7 S F'"^. 



Theorem 2.2. Let A be a Hopf ^-algebra with co-inverse k. Let T be a left- 
covariant bi-module over A and suppose that 70, . . . , 7^ is a linear basis for F'"^. 
Then 70, . . . , 7n is a free left A-module basis for F and also a free right A-module 
basis ofT. Moreover, there exist linear functionals fjk on A, for k ^ 0, . . . ,n, 
such that fjk{ab) = Y1^=q f3r{o)frk{b) and fjkiX) = ^jk and for which we have 
the equations jja = J^k^oifjk * and ajj = J2k=o^k{{fjkK^^) * a). 

If (il, d) is a ^-differential calculus over a Hopf *-algebra A, then it is clear 
from our earlier observations that is a left-covariant bi-module over A, so 



that Theorem 2.1 applies. We shall identify ylg) O'"'^ and il, as left ^-modules, 
using the isomorphism of the theorem. Observe that each space flk is also a 
left-covariant bi-module over A. 

It is clear that fi'"^ is not only a linear subspace of fi, but also a subalgebra 
closed under the involution uj 1-^ uj*. For A; > 0, set il^^^ = $1^0 57"^^. It is easily 
seen that fi'"^ — ffi^o^fe"^' ^^^^ have an induced algebra grading on 
H.™^; hence, fi'"^ is a graded ^-algebra. Since Sl'"^ is clearly invariant under d, 
(ri"™, d) is a graded ^-differential algebra, where d is the restriction of d to fi"™. 

Suppose now that A admits a Haar integral h; that is, h is a unital lin- 
ear functional on A for which (idg)/i)A(a) = (/ig)id)A(a) = h{a)l, for all 
a G A, where 1 is the unit of A. We suppose further that h is positive; that 
is, h(a*a) > 0, for all a £ A. It is well known h is unique and automatically 
faithful; that is, if h(a*a) = 0, then a = 0. We endow A with an inner product 
derived from h, by setting (a | 6) = h{h*a), for a,b £ A. 

Now suppose that (f2, d) is strongly finite dimensional] by this we mean that 



ri'"^ is finite dimensional (in this case Theorem 2.2 applies to Vl). It follows 
that, for some integer N , ilk = for A: > iV and 0- Hence, is finite- 

dimensional in the sense of The integer A'^ is the dimension of (fJ, d). 

Choose an arbitrary inner product on 17'"^ for which the subspaces fi)?'^ are 
pairwise orthogonal. Then endow Q = A® with the tensor product inner 
product. Since fi/c = ylg) il'"^, the spaces V,k are pairwise orthogonal. We call 
an inner product on f2 graded if it has this property. We call an inner product 
left-invariant if (aw | brj) = h{b*a){uj \ ry), for all a,b £ A and io.rj £ fi"™. 
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Suppose that dim(r2™^) — 1. Then it is easily seen that there is a unit vector 
9 of such that 9* = 9 and that 9 is unique up to sign. We shall call 9 and 
—9 the volume elements of (f2, d). 

We shall now derive a very useful formula for the differential d. First we need 
to introduce some linear operators. If x is a linear functional on A, we denote 
by the hnear operator on A defined by setting E^{a) = x* a. If e il™" , 
we denote by the linear operator on f2'"^ defined by setting M^l-q) — wq. 

For the next theorem, let us recall the definition of the adjoint x* of %: It 
is given by the formula x*{o) — xi'^i'^)*)^ foi' all a E A. We shall also need to 
define x in by = x(a*) • 

If T is an operator on an inner product space X, we shall denote by T* 
the unique operator — if it exists — for which {T(x) \y) — {x\ T*(y)), for all 
x,y Cz X. In the case T* exists, we say T is adjointable and call T* the adjoint 
of T. (Of course, if X is a Hilbert space and T a bounded linear operator on X, 
T* necessarily exists. The problem of existence arises with unbounded operators 
and incomplete spaces.) If T is adjointable and T = T*, then the eigenvalues 
of T are real. Similarly, the eigenvalues of TT*, T*T and T*T + TT* are 
non-negative. (The usual trivial proofs apply.) . 

Lemma 2.3. Let A be a Hopf ^-algebra admitting a Haar integral h and let x 
be a linear functional on A. Then is adjointable and -E* = E^<- . 

Proof. Let a,b e A. Using the equality K{{h (g) id)((g (g) l)A(p))) = 

{h (g) id)(A(g)(p (g) 1)) (see the proof of proposition 3.11 of [Q), we see that 



Hence, E^ has adjoint E^* , as required. □ 

If oji, . . . ,ujm is an orthonormal basis for fi™^, there exist unique linear 
functionals Xi, . . . , Xa/ on ^ such that 



Theorem 2.4. Let {Q,d) be a strongly finite- dimensional differential calculus 
over a Hopf '^-algebra A admitting a Haar integral. Then d is adjointable and d* 
is of degree —1. Indeed, if oji, . . . ,ujm and xi, ■ ■ ■ , Xm are as in Equation 
then 



{E^{a)\b) = h{b* (id ® x)A(a)) = x{{h ® id)((6* ® l)A(a))) 
= x{K-Hih (g id)(A(6*)(a (g 1)))) = /i((id (g xK-i)A(6*)a) 
= hiiiid(^x*)Mb)ra) - h{E^.ibra) - (a | E^^ib)). 



M 




(1) 



r=l 



(See §.) 



M 




(2) 



and 



M 




(3) 
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Proof. Recall that we identify fl and A (E) f^'"^ by identifying aoj with a (g) w, 
for a G A and uj S ft™^. Since d{auj) — {da)uj + adw — X]j=i(Xj * a)ujjLu + 

aduj, we have d = id^ ® 9 + X)ji=i -^Xj ® -^^^^j ■ Adjointability of d now follows 
from adjointability of the operators E^. , and M^^. and 9. The operators E^. 
are adjointable by Lemma |2.3| , and the other operators are adjointable since 
ri'"^ is finite dimensional. The formula for d* in the statement of the theorem 
follows immediately. Since d is of degree +1, it is trivially verified that d* is of 
degree — 1. □ 

The operator d* is called the co- differential of d. The sum D — d + d* is the 
Dirac operator and the square V = (d + d*)^ the Laplacian. Since d^ = d*^ = 0, 
we have V = dd* + d*d. We call the forms uj £ fl such that V(tj) = the 
harmonic forms of {Q, d) and denote the linear space of these forms by fiy- 

Theorem 2.5. The co- differential, the Dirac operator and the Laplacian com- 
mute with the coaction: 

And* ^ {idA<E)d*)An An D {idA<E) D)An Afj V (id^ ® V)Ao . 

Proof. Define the linear operator W: A^ft^A^ft so that W{a ig) ui) — 
Asi(ij-')(a ^ 1), for ail uj E fl and a E A. On A^^l, we consider the tensor 
product of the natural inner products on A and Q. For ai, 02,^1, 62 € A and 

( VF(ai (g) bioji) I W^(a2 (g) 62t^2) ) = ( A(6i)(ai (g c^i) | A(62)(a2 (g ^^2) ) 
= (/i g) /i)((a; g) l)A(5;5i)(ai (g 1)) (t^i | ^2 ) 
= h{a2ai) h{b2bi) {uji | a;2 ) = (fli g) 61 wi | a2 g) 52'i^2 ) , 

where we used the left invariance of h in the second equality. This implies 
that W is isometric. By the remarks after |0, Thm 4.1] we know that W is 
surjective, allowing us to conclude that W is an adjointable isomorphism such 
that = W*. 

By definition, And = (id^ (g d)An, implying that W{1 g) d) = (1 (g d)W. 
Taking the adjoint of this equation, we get (lg)d*)W^* — W*{l(Ed*). Multiplying 
this equation from the left and right by W, it follows that W{l(Ed*) — {li^d*)W. 
Applying this equation to an element of the form 1 igw, where uj € fl, it follows 
that And* — {idj\ g) d*)An. This guarantees also the validity of the other two 
commutation relations. □ 

As a consequence, il™^ is invariant under the co-differential, the Dirac op- 
erator and the Laplacian. 

3 The Hodge operator 

To avoid tedious repetition of hypothesis, throughout this section we denote by 
(f2, d) a strongly Enite-dimensional ^-differential calculus of dimension N over a 
Hopf *-algebra A admitting a Haar integral h. We suppose that dim(ri^^) = 1 
and we denote hy 9 a volume element of {^,d). We also fix a graded, left 
invariant inner product ( . \ .) on Q 

We define a linear functional J on by setting J a; = 0, if a; is a /c-form 
for which k < N, and J to = h{a), if a; is an TV-form for which oj = aO, where 
a G A. We call J the integral on associated to the volume element 6. 
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We say that {^,d) is non-degenerate if, whenever < k < N and uj £ 
and uj'uj — 0, for all uj' G i7jv-fe, then necessarily co — 0. 

Lemma 3.1. // (fi, c?) is non-degenerate, and rj is an element of fl for which 
J ujTj = 0, for all UJ Q, then 77 = 0. 

Proof. We may clearly reduce to the case where 77 is a fc-form, for some k < N. 
Then, if to belongs to flN-k, we have tor] = a9, for some element a Cz A, 
since dim(r2^^) = 1. Hence, J a*u)r} — J a*a9 = h{a*a) = and therefore, 
by faithfulness of h, a ^ 0. Hence, Lorj — 0, for all forms uj in QN-k- Therefore, 
by non-degeneracy of CI, rj — 0. □ 

The property enjoyed by J in this lemma is called (left) faithfulness Q. 

Theorem 3.2. Suppose (fi, d) is non-degenerate. Then there exists a unique 
left A-linear operator L on VL such that L{flk) = ^N-k for k = 0, . . . , N and 
such that J uj*L{ll}') = (w' | w), for all w, w' € fl. Moreover, L is bijective. 



Proof. Uniqueness of L follows immediately from Lemma so we confine 
ourselves to showing existence. Let 77 S fi™^ and ^ G f^™^) where < k,l < N. 
If k + I — N, then 77*^ — 7(^,77)^, for a unique scalar 7(^,77). Extend 7 to 
a sesquilinear function on O'"^ by setting j{£,,ri) = if fc + Z N. Let F 
be the unique linear operator on r2'"'^ for which {F{ri) \ £,) — 7(?7,'C)j for all 
77, C e r?'"^. It is easily checked that F{nf'') C n^'i,^ and that, since fl is 
non-degenerate, F is injective. Since 17'"'^ is finite dimensional, F is therefore 
bijective. It follows that F^rtf") = fi'^L^,. Now set L = id® F'^, where we 
identify with A(E) fi'"^, as usual. It is clear that L is a bijective left yl-linear 
operator on and that L{ilk) = ilN-k, for fc = 0, . . . , A^. 

To show that J oj* L{uj') = ( w' \ uj), for all uj, uj' G il, we may clearly suppose 
that UJ and a;' are both r-forms, for some r — Q, . . . , N , using the fact that both 
sides of the equation are graded sesquilinear forms. Since fl^ is a left-covariant 



bi-module, and fJJ,"^ is finite-dimensional, we may apply Theorem 2.2 to choose 
a basis 9i,. . . ,9 m for and associated linear functionals gjk on A, where 
j,k = 1, . . . , M, such that a9j = X^fcli Qk{gjk * a), for all a & A. We may also 
suppose that gjfc(l) = Sjk- To prove J uj*L(uj') = {uj' \uj) we may make an 
additional simplification and suppose now that uj = a9j and uj' = b9i, for some 
a,b € A and some indices j and I in the set {1, . . . , M}. Then 

/ uj*Liuj') = / 9*a*bF-^i9i) = Jib*a9,)*F-H9i) 
= lEtU{(^kig,k * ib*a))yF-H9i) - /E^lifefc * {b*a)r9lF-^{9i) 
= Efcii /fe-fc * {a*b)h{F-\9,),9,)9 Efli /fe-fe * {a*b)){9i \ 9k )9 
= Efli h%k * ia*b))i9i \9k)^ EtLi Ha*b)-g,k{l){9i \ 9^ ) 
^h{a*b){9i \9j)^{b9i \a9,) = {uj' \uj). 

This completes the proof. □ 



The operator L whose existence is shown in Theorem 3.2 is called the Hodge 
operator on il. Let us observe that, since L(n^^'^) = fl'^Z^j^, for < fc < iV, we 
have dim(r2jf^) = dim(17';^Jl J. 

Observe also that L{1) = 9 and L{9) = 1 (these equalities are easily verified 
from the definition of F in the proof of the theorem). 
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The following result gives a formula for the co-difFcrcntial that is familiar 
from classical differential geometry. 

Theorem 3.3. Suppose {Q,d) is non-degenerate and d{Q^^^_^) — 0. Then, if 
< k < N and u is a k-form of fl, we have 

d*uj={-lfL-^dL{uj). 

Proof. If = 0, then d*{uo) = 0, since d* is of degree —1. Also, dL{uj) = 0, since 
L{u) is in fi^v and d(ilAr) = 0. Hence, d*uj = {—!)'' L~^dL{u!) in this case. 

Suppose now that fc > 0. Clearly, L^^dL{ijj) £ ^k-i- Hence, if uj' G i^k-i, 
then ((-1)'=L-ML(w) | uj') = {-if j J * dL{uo) = ^ d{uj')*L{uo) = \ d{uo')) 
= {d*uj \co')- Here we have used the fact that / is closed; that is, / d = 0. 
This is a consequence of our assumption that d{h^§^_^) — ^ Corollary 4.9]. 
Therefore, d*uj ^ {-lfL-^dL{uj) in this case also. □ 



4 The Hodge decomposition 

Suppose that G ~ {A^ A) is a compact quantum group in the sense of Woronow- 
icz |4j. Let G denote the set of equivalence classes of irreducible unitary 
representations of G. For each a G G, choose once for all an irreducible unitary 
representation 11°' = (Up.) G Mn^{C) (g) A belonging to a. Of course, Na is the 

dimension of C/". Also, A(C/j5^) = J^r^i Ufr ® for j, /c = 1, . . . , iV„. 

Recall that the hnear span A = Ac of the set {C/j^ | a € G, j,k — 1 . . . Na} 
is a Hopf *-algebra, when endowed with the restriction of the co-multiplication 
A on A. We say that Ag is the Hopf *-algebra associated to G. Recall also that 
the matrix elements C/"j, are linearly independent and therefore form a linear 
basis of A. 

The quantum group G admits a Haar integral h. When restricted to A, h is 
a (positive) Haar integral in the sense of Section ||. 

We denote by Aa the linear span of the set {f/jX I ^ = 1...A'q,}. If 
X is a linear functional on A, then Aa is invariant for the operator = 
(id(g)x)A. This follows from the calculation E^{Uff.) = (id (g) x) A([/j*j.) = 

(id ® x)(Ef=i Uf, ® UrV = U^'MU^k)- 

A differential calculus over G is, by definition, a ^-differential calculus 

over the associated Hopf ^-algebra A. If {fl, d) is such a strongly finite dimen- 
sional calculus, set Vl{a) — Aa ® ■ Then Vl{a) is a finite-dimensional linear 
subspace of f2 and 

n = ®^^^n{a). (4) 

Moreover, if we have a left invariant inner product on f2, the spaces Q,{a) are 
pairwise orthogonal, since the spaces Aa are pairwise orthogonal in A The- 
orem 7.4]. 

From Equations (||) and (§) it follows that ^l{a) is invariant for both d 
and d* , since {Aa ) ^ Aa , for every linear functional x on A. 

We shall say that an operator T on a linear space X is diagonalisable if X 
admits a linear basis consisting of eigenvectors of T. 

Condition 3 of the following result is our Hodge decomposition. 
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Theorem 4.1. Let (Sljrf) he a strongly finite- dimensional differential calculus 
over a compact quantum group G and suppose we have a graded, left invariant 
inner product on Q. . Then 

1. The Dirac operator D and the Laplacian V are diagonalisable; 

2. We have ker(V) — ker(Z)) = kcr(c?) nker(d*) and, if t is a positive eigen- 
value ofV, then 

ker(V - i) = ker(D + Vi) ® ker(I? - Vi). 

3. The space n admits the orthogonal decomposition 

n = n^®din)®d*{n). 

Proof. First, let t be a non-zero real number and let be an eigenvalue of V. 
Let (jj be a corresponding eigenvector and set u!± = uj zL t^^ D{uj). If lo^ and 
LU- are non-zero, then a simple computation shows that lu^ and lo- are eigen- 
vectors of D, with t and —t as the corresponding eigenvalues. If a;+ = 0, then 
D{uj) =^ —tuj. Similarly, if a;_ = 0, then D{lo) ~ tcu. In any case, whether uj^ 
or uj- are zero or non-zero, we can use the fact that lu — -I- uj-)/2, to de- 
duce that ker(V - t^) = ker(L' -|- t) © ker(£) - t). We shall presently show that 
ker(V) = ker(D). 

As we observed in the remarks preceding this theorem, each subspace Q,{a) 
of O is invariant for both d and d* . If da and d* denote the restrictions of d 
and d* to ri(a), it is clear that c?* is the adjoint of da- Let = da -\- d^ be 
the restriction D = d-\- d* to fl{a). Since Da is a self adjoint operator on a 
finite dimensional space its matrix with respect to a suitable basis is diagonal. 
This implies easily that ker(Z3^) — ker(£'c,). These observations show that 
r^v — ker(V) = ker(D). On the other hand, the spaces d{n) and d*{^l) are 
orthogonal, since d^ = 0. Hence, if D{uj) — 0, then duj — ~d*uj, and therefore, 
duj = = d*u). it follows that ker(I?) = ker((i) n ker((i*). Hence, Condition 2 
holds. 

Also, {dad*a){d*ada) = = {d*ada){dad*a) ■ Hcucc, rfctO?* and d*ada are com- 
muting (positive) normal operators on the finite-dimensional space ^l{a) and 
are therefore simultaneously diagonalisable. It follows from Equation that 
f2 admits a linear basis (ei)ig/ of simultaneous eigenvectors of dd* and d*d, im- 
plying that V is diagonalisable. Since Condition 2 holds, this also implies that 
Da is diagonalisable and we have proven Condition 1. 

To prove Condition 3, we first observe that fiy is orthogonal to the spaces 
d{Vi) and d*{n). For, if w e f^y and w',cj" e 17, then {d{uj') + d* {uj") \uj) = 
( Lo' I d*uj ) + {oj" \ duj ) = since doj = d*uj = 0, by Condition 2. 

Now let Xi and Hi be scalars such that {dd*){ei) = XiCi and {d*d){ei) = ^id. 
Since {dd*){d*d) = 0, we have Aj/ij — 0, for all i e /. If Aj ^ 0, then e,j g d{Vt). 
Similarly, if fXi ^ 0, then € On the other hand, if Xi = /i^ = 0, then 

Ci e r^v- This shows that Q, = fiv + d{Vl) fi*(il), and Condition 3 holds. □ 

Corollary 4.2. The orthogonal complements of d(Cl) and d*(Cl) in are given 
by 

din)^ = f^v ® d*{n) = ker(d*) = ker{dd*) 
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and 



d*{ny = r^v © d{n) = ker(d) = ker(d*d). 

Proof. We consider only the case of d{n)-^ (that for d*{il)^ is handled the same 
way). It is clear from the theorem that d{fl)-^ = fiy ® d*{n) and it follows 
directly from the definition of d{il)^ that d{n)-^ — ker((i*) C kei{dd*). Suppose 
then Lo G ker^dd*). By the theorem, we may write lo = ujq + dioi + d*U!2, 
where coq € i^v a-nd uji,uj2 G Then — dd*{uj) — dd*{ujQ) + dd*d{uji) — 
-d*d{LUQ) + dd*d{uJi), since V(wo) = 0. Hence, d*d{uJo) = dd*d{uji) belongs 
to d*{Vl) and to diyi) and is therefore equal to zero. It follows that V{dLOi) — 
dd*d{uJi) = 0. Consequently, = 0. Hence, uj = luq + d*{ijJ2) G d{^)^ . 

Therefore, ker(dd*) = d{Vi)^ . □ 



5 Diagonalising V on the 0- and A^-forms 

Throughout this section we denote by (fi, d) a strongly Rnite-dimensional *- 
differential calculus of dimension N over the Hopf *-algebra A associated to 
a compact quantum group G. We suppose that dim(ri'^'^) = 1 and that 
c?(^jv-i) = 0. We fix a volume element 9 in Vt^^^ and denote by h the Haar 
measure of A.We also fix a graded, left invariant inner product {. \ .) on ft. 
The representations U" are as in the first paragraph of Section ^. 

Set X = J2tLiXtXr, where uji,...,ujm and X1j---iXm are chosen as in 
Equation (^. Multiplication of linear functional / and g on ^ is given, as 
usual, by setting {fg){a) ^ (/«)g)A(a). 

Theorem 5.1. If a E A, then Va = x * 

Proof. Applying Equation (||) to Equation (|l|), we get 

M M 

d*da = E^-tXria)M:Scjr) + Y,ExAa)d*{oJr). 

s,r—l r—1 

Since dl = 0, (i*(ri'"^) — 0; hence, the second sum above vanishes. It is trivially 

verified that M* (uJr) = Srs- Hence, d*da — J2r=i -^x'Xri^) — ^xi^)- Since 
d*a = 0, it follows that Va — x* a. □ 

The formula for V in the preceding theorem shows that x does not depend 
on the choice of orthonormal basis uji, . . . , lom of . 

Lemma 5.2. The operator T" = (id (g) x)A([/") £ B{Ha) is necessarily posi- 
tive. 

Proof. If r and a are linear functionals on A, it follows easily from the ba- 
sic representation theory that (id (g) T)(C/")(id (g) a){U°') = (id Ta){U°') and 
((id(gT)([/"))* = (id(gT*)(t/"). Therefore, we have T" = (id(gx)(C^") = 
E*ii(id®x;Xr)(i7") = E*li((id®Xr)(C/"))*(id®Xr)(C/"). Thus, is a 
sum of positive operators and is therefore itself positive. □ 
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Theorem 5.3. Let {U°')a be a complete family of mutually inequivalent irre- 
ducible unitary representations of the compact quantum group G. Let = 
(id (g) x)A([/"). Choose an orthonormal basis e", . . . , for the space Ha on 
which U" acts making T" diagonal, so that T°'ef = Afef , for some elements 
Af e C. Let be the matrix elements of U"' relative to this basis. Then 



Proof By Theorem VC/^ = X * C/g- Since A(C/° ) = J2k=i ^tk ® U^j, we 



have x*Ut,^ E£i UgxiU^,) = Ef=i UtkT^, = E£i US^^fSk, = A^C/^. □ 

Thus, the theorem diagonahses Vq, the restriction of V to A, since the 
matrix elements U'' form a hnear basis for A. It is clear from the theorem 
that the eigenvalues of Vq are precisely the eigenvalues of the operators and 
that, once we know the multiplicities of the eigenvalues of these operators, we 
can calculate very simply the multiplicities of the eigenvalues of Vq. 

Corollary 5.4. The eigenvalue corresponding to the eigenvector U.^ of V is 
given by xiU^,) = \\dUt,f /\\Utj\\' ■ 

Proof. From the proof of the theorem we have VC/^" = X'jU^, where A" = 
^i?" = xiU^j)- Hence, x{U^,){Ut, I C/.^ ) = ( VC/^ j^g ) = (d*dC/« | C/^ ) = 
(d?7« IdC/g). □ 

Woronowicz defines the compact quantum group G to be connected if Con- 
dition 1 of the following theorem is satisfied. The theorem provides two other 
equivalent conditions. 

Theorem 5.5. The following are equivalent conditions: 

L For any element a d A, da = if, and only if, a = Al, for some AG C; 

2. For any element a G A, Va — if, and only if, a = XI, for some A G C; 

3. Lf U" =/= U"" , the trivial unitary representation of G, then the operator 
T" (id (8) x)A(C/") is invertible. 

Proof. Condition 2 clearly implies 1. Conversely, if Condition 1 holds, then so 
does 2, since ker(V) = ker(c?) n ker(d*) and d*a — 0, for aU a e A. 

Suppose now that Condition 2 holds and suppose that J7" ^ U"° and that 
T" is not invertible. Then A" = 0, for some j and therefore VJ7"- = Af J/"- = 0. 
Hence, by Condition 2, there exists a scalar c for which U^j — cl. However, since 
jja ^ jjao^ the element U!j'^ is orthogonal to 1 in A. Therefore, c = Hl*U°-) = 0. 
Thus, Ujj = 0, an impossibility. To avoid contradiction it must therefore be the 
case that T" is invertible. Hence, Condition 2 implies 3. 

Finally, suppose that Condition 3 holds. Let a G be such that Va — 0. 
Because the U"j form a hnear basis of A, we may write a = J2i'j=i ^ij^ij: 

for some scalars cfj. Since = Va ~ J2a J2i'j=i ^fj^f^ij^ have c^A" — 0, 
for all a, i and j. Hence, if U" U"°, then A" ^ 0, and therefore cfj = 0. It 
follows that a = cl, for c = c"^. Hence, Condition 3 implies 2 □ 

We turn now to finding the eigenvalues and eigenvectors of the Laplacian on 
the highest dimensional forms, the A'^-forms. The situation here turns out to be 
analogous to that for the lowest-dimensional forms, the 0-forms. 
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We first need to introduce a new linear functional 7 on A, an analogue for 
the case of the iV-forms of the functional x used for the case of the 0-forms. It 
is clear, since fJ"'^ = C6, that Mi^^,M*^{9) = Crsd, for some scalars Crs- Since 

= {M^^M*J \9) ^ {M*J I M*J), the matrix (crs) is positive. We set 

EM ° * 

r,s=l '^rsXrXs ■ 

Theorem 5.6. If a e A, then V{a0) = (7 * a)e. 

Proof. Note first that d{ae) = 0, since d(f^Ar) = 0. Hence, V{a9) = dd*{ae). 
Using Equation (|), we get d*{ae) = ad* (9) +J2sii Extia)M*^{e). The first 
term here is equal to zero, since d*(9) = 0; this is an immediate consequence 
of the fact that d(rj^1j = 0. It follows, using Equation (|), that dd*{ae) = 

EsLi ^x' {a)dM:^ {9) + Y.r!s=i ^xrxt {a)M^^MZ^ (9). Again using the fact that 
rf(f^jv-i) = 0, we see that the first sum vanishes. Since M^^M*^{9) = Crs9, we 
have V{a9) = dd*{a9) = Erf^^i CrsE^^^.{a)9 = (7 * a)9. □ 

The formula for V restricted to the A^-forms in the preceding proposition 
shows that 7 does not depend on the choice of orthonormal basis cji , . . . , a;j\/ 
of f^i"^. 

Lemma 5.7. The operator S" — (id (g) 7)(C/") G B{Ha) is necessarily positive. 

Proof We have 5" = Erfs=i Crs(id ® Xr)(?/")((id ® x^){U°'))*- Also, since the 
matrix {crs) is positive, it can be written as a sum of matrices c^, . . . , c^, with 
each such matrix is of the form cjf^ = c^c^, for some scalars c^. Hence, 

= Ek=i EZ=i ^'^'(id ® X.)(f/")((id ® 
= Eti(E.=i c:?(id ® Xr)(C/"))(E.=i c.'(id ® Xr)(f/"))*. 
Thus, S*" is a sum of positive operators and is therefore itself positive. □ 



Theorem 5.8. Let {U°')a be a complete family of mutually inequivalent irre- 
ducible unitary representations of the compact quantum group G. Set S" = 
(id (g) 7)(t/") and choose an orthonormal basis e", . . . , for the space on 
which U°' acts making S*" diagonal, so that S'^ef — Xfef, for some elements 
Xf Cz C. Let f/j" be the matrix elements of U" relative to this basis. Then 
V{Ut,9) = XfUt,9. 

Proof By Theorem V(L/^6') = (7 * C/^)6'. Since J * U^^ = U^'^-fiU^j) 

= EtiUtkS^j = EtiUtk>^7S,, = XfU-, we have V(f/-0) = XfUt,9, as 
required. □ 



Remarks analogous to those made after Theorem 5.3 apply to Theorem 



We show now that a formula holds for the Laplacian applied to general k- 



forms that is analogous to those we obtained in Theorems 5.1 and 5.6 for 0-forms 
and A^-forms, respectively. 

Before proceeding, note that Aa is finite dimensional, of dimension A"^. Let k 
be an integer such that < k < N . The linear span fla^k of the forms aw, where 
a G Aa and uj G f^Jj"^, is linearly isomorphic to the tensor product Aa (Xi , 
where the isomorphism maps au> onto a (8) w. We shall use this isomorphism 
to identify these two spaces. Using the fact that the matrix entries of [/" are 
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orthogonal to the matrix entries of , if a ^ /3, it is clear that flk — ®a^a,k, 
as an orthogonal sum. 

Equations (||) and (||) imply that the space flk — il"'^ is invariant for 
V; we may therefore write V = Vo ® • • • ® Vat, where Vfe is the restriction of V 
to flk- Similarly, the spaces fla,k are also invariant for V. Hence, Vfe = ®aVa,fe, 
where Va.k is the restriction of V to ^la,k- We therefore reduce the eigenvalue 
problem for V to one for the finite-dimensional operator Va.k- 

Recall, for the proof of the following theorem, the elementary fact that if 
(ei)ig/ is a finite linear basis for a linear space X, the corresponding system of 
matrix units {eij)i,jei in B{X) is defined by setting eij{ek) = Sj^Ci and that if 
T € B{X) has matrix (Ay ) relative to the basis (e^), then T = X^i je/ ^v^v- 

Theorem 5.9. Suppose k is an integer such that < k < N and let rji, . . . ,7]^ 
be a linear basis for fl™^ . 

1. For p,q ~ 1, . . . ,L, there exist unique linear functionals gpq on A such 
that 

L 

V(a77p) = ^{gqp * a)r]q, 

q=l 

for all a ^ A. 

2. If a £ G, the restriction Va.k of V to fla,k is similar to a direct sum of 
Nq. copies of the block matrix 

giiiU") 5i2(C/") ... 5il((7") 
.92i((7") g22(t/") ... 52l((7") 

gLl(t/") 5L2(C/") ... 5LL(t/") 

where gpq{U'^) is the Na x Na-matrix with ijth entry gpq{U'^). 

Proof. Let denote the operator from Vl™'^ to of left multiplication 

^k 



by u)r- Let xo be the co-unit of A and let Mq be the restriction of d to 



Finally, set Er = E^^. By Theorem|2j, Vfc = Ef^^o ^rE*, ® M^-^{M^-^^ 



Y^tl^oKEs ® {M^Y . Since the operators M^-^(M^^^)* and {M^)*M^ 
are linear combinations of the matrix units rjpq corresponding to the basis 
rii,...,T]L of n^", it follows that Vfc = J2p,q=i ^9p, 

r]pq, for linear functionals 

gpq that are linear combinations of the functionals XrX*s ^^'^ XrXs- This proves 
Condition 1 (uniqueness of the functionals gpq is clear). 

In the remainder of this proof, in summations the indices p, q will range 
over the numbers 1, . . . , L and the indices i,j over the range 1, . . . , Na- For 
m e {1, . . . , No}, we have "^(U^.rip) = Eg(ffgp * t^™)*?? = Egj U^39qp{Ufi)r]q. 
Hence, if F = ^a.k and Xm is the hnear span of the elements U^i, . . . , U^j^^, 
then Y„i — Xm (E" f^Jf^ is an invariant subspace for V and Y ~ Yi Q) ■ ■ ■ (B Y^^ . 
We write for the restriction of V to Ym- Then V^k = Ti ® . . . T/v^. 
We shall show that each summand is similar to the block matrix displayed in 
Condition 2 and this will complete the proof of the theorem. 

Let Ci = U^^, for i = 1, . . . , Na. Then the form a basis for X^ and there- 
fore the elements rjp form a basis for Ym. Let Cy, 'qpq and f(i^p)^[j,q) form 
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a system of matrix units corresponding to the bases e^, rjp and ei^rjp, respec- 
tively. It is elementary to verify that f(i^p)^(j^q) — eij ® rjpq. Since '^(U^jijq) = 
Ep,i U^i9pq{Utj)Vp, we have 

Tm = ^gpq{U^)f(t,p),(3..q) = "^C^ 9pqiUtj)^tj) ® Vpq- 
ijpq pq ij 

Hence, has matrix with respect to the basis (E) rjp of Y^^ the block ma- 
trix displayed in Condition 2 and therefore Tm is similar to that matrix, as 
required. □ 

Thus, the eigenvalue problem for the Laplacian V has been reduced to the 
finite-dimensional problem of finding the eigenvalues of the block matrix in 



Condition 2 of Theorem 5.9. However, this matrix is of order NaL\ it may be 
difficult to work with in practice, since, in general, Na can be arbitrarily large. 
In Section H we present an alternative approach in a special case. 



6 The inner product on Q"^^ 

In this section we make the same assumptions and notational conventions as in 
the first paragraph of Section |^ without fixing an inner product on fl. In addi- 
tion, we suppose that f2 is non-degenerate and that J is the integral associated 
to 0. 

In general, the Laplacian V and the Hodge operator L need not commute, 
as one can see by looking at examples. However, when they do commute, the 
problem of computing the eigenvalues of V is effectively halved. For, if a; G flk 
and — Xuj, for some scalar A, then Vi(w) = XL{uj) also. Thus, if one 
computes the eigenvalues of V on fl^, one knows them for V on ^1^-^ also, 
where N is the dimension of fl. 

Up to this point, we have not specified how the inner product on fi"™ should 
be chosen, except to say that it should be graded. It turns out that one can 
indeed choose the inner product on Q^"^ in such a way as to ensure that VL = 
LV. We turn now to showing this. 

Choose an inner product ( • | • )' on Q^"^ and let L' be the corresponding 
Hodge operator on fl. We obtain a new graded inner product ( • | • ) on il™^, 
by defining ( wi | ^^^2 ), for wi, W2 & ' follows: 

1. If fc < N/2, set ( I ) = ( wi I UJ2 )'; 

2. If fc> iV/2, set {uji I UJ2)^{{L')-H.^i) I (L')-H^2))'; 

For the moment, we set aside the case of fc = N/2, which occurs, of course, 
only if N is even; we suppose only that the new inner product has been specified 
in some way on r2'j^^2 ^^^^ case. 

Notice that the new inner product on fi^^ is the same as the old (since 
L'{1) = 9). Hence, 9 is still a volume element for with its new inner product. 

Let L be the Hodge operator on associated to this new inner product. 

Observe that, if fc < N/2, then L — L' on ^lk■ This follows immediately 
from faithfulness of J . 
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On the other hand, if fc > iV/2, then L = (L')"^ on VLk- To see 

this, we need only show that L{uj) {~lf^^-^\L')-^{uj), for uj e 9}^". Hence, 
we need only show / t]*{L{uj) - (-lf^^-^\L')-^(uj)) = 0, for all 77 e by 
faithfulness of J. To see this equality, observe first that if a; G ^jv-fc ^^'i 
77 e then 



( {L')-^{uj) \7j)' = Jti*uj = f{T]*uj)* = (-l)'=(^-'^)/cj*r7 = 

Hence, if r;,^ e f^jf^, then / r]*L{uj) = | r/) = I (^O^^W)' = 

(_l)fe(JV-fe)((^/)-2(^) I ^ Therefore, as required, 

we have /r?*(L(t^) - 0. 

It follows from these calculations that L^iuj) = (— for all co G fifc, 
if A; 7^ iV/2. We show now how to choose the inner product on ri)f^, where 
k = N/2, in such a way that, in this case also, L^{u}) = (— l)'^'^^~'^^a;, for all 

The sesquilinear form, (77, <—> J oj*rj, is non-degenerate on f^'^"^, by faith- 
fulness of /. Also, this form is Hermitian if (— — 1 and anti-Hermitian 
if (— = —1. Set £fc = 1 in the first case and = i in the second. 
Then there exists a basis ei,...,em for fi™^ such that / e*ep = ±£k5pq, for 
all p,q = 1, . . . , 771. Now choose an inner product on fi™'^ making ei, . . . , e„i 
orthonormal. For this inner product, the operator L on fi™'^ defined by map- 
ping Bp onto (— 1)'''(^-'=)(J e*ep)ep, for p = 1, . . . ,m, satisfies the condition 
/ t]*L{lu) = {uj \ T]); hence, L is the Hodge operator on ft™" and extends in 
an obvious way to the Hodge operator on fi^. Clearly, L'^{uj) ~ (— l)'^^^^'^)a;, 
for all uj E rik- 

It is clear from our construction of L that it is a unitary operator on fi. 
We sum up what we have shown here in the following theorem and draw out 
some useful consequences. 

Theorem 6.1. Let {fl,d) be a non- degenerate strongly finite- dimensional 
differential calculus of dimension N over a Hopf algebra A admitting a Haar 
integral. Suppose that dim(f2'^^) — 1 and d{fl^^^_^) = 0. Then 17'"^ admits an 
inner product such that the corresponding Hodge operator L is a unitary and 
satisfies the following conditions 

1. L^{uj) = (-l)'=(^-'=)cj, for all u S flfc/ 

2. Ld{uj) = {-lf+^d*L{uj), for all uj G VLk; 

3. d*dL = Ldd*, dd*L = Ld*d and LV = VL. 

Proof. Condition 1 was proved above. To show 2, first observe that we may sup- 



pose that k <N. Now observe that, by Theorem U, duj = {~l)^-^Ld*L'^{ijj). 
Hence, 

L-^du ^ {-l)'^-''d*L-\uj). (5) 
Now, by Condition 1, we have 

(^^l){k+i){N-k-i)^^^ = L-^du = {-^l)^-''d*L-^{uo) (by Equation §)) 
= (by Condition 1 again). 
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Hence, Ldcj = = (-l)'=+M*L(tj). 

Thus, Condition 2 holds. 

Again with uj e ilk, we get d*dL{uj) = {-lfd*Ld*uj = {-if {-if Ldd* uj , 
by Theorem 3.3 and Condition 2. Hence, d*dL — Ldd* . It follows from Condi- 
tion 1 that dd*L Ld*d. Hence, Vi ^ dd*L + d*dL ^ Ld*d + Ldd* = LV, so 
Condition 3 holds. □ 



7 One-parameter representations induced by 
twist automorphisms 

Throughout this section the same standing assumptions and notational conven- 
tions will be used as specified in the first paragraph of Section with the added 
assumption that is non-degenerate. We will also make use of the notations 
introduced at the beginning of Section ^. 

The sets of nonnegative and positive integers will be denoted by N and Nq, 
respectively. 

In this section we shall need a number of results from the general theory 
of exponential one-parameter groups of automorphisms. Since these are not 
completely standard, we have gathered them together in an appendix to which 
we shall make frequent reference. We shall therefore use in this section the 
terminology and notations of the appendix. 

We begin by introducing the two most important one-parameter groups con- 
nected to the Hopf algebra A. By ||l^, Theorem 5.6] there exist unique expo- 
nential one-parameter groups p and r on ^ such that h(ab) = h(pi{b)a), for all 
a,b G A and = We call p the modular group of A and of h, and r the 

scaling group of A. 

There is a family of linear functionals {fz)zec on A such that 

Pzia) = {f,z (g) idA ® /i^)A(2)(a) and r^(a) = (/.^ ® id^ ® Z-.^) A^^) (a), 

for all z e C and a <E A. Here we use the usual convention that A*^^) — 
(A (g) id^)A = (id^ (g) A)A. (See ^ Theorem 5.6] for these functionals). It 
follows that Pz{Aa) = Aa and Tz{Aa) = Aa, for all a & G. 

We note the following facts: h pz = Htz = h, for all z S C. Also, (tz^Pz)^ = 
{pz (gT-z)^ ^ ^Pz and {tz (gTz)A = {pz ® p^z)^ = Ar^. 

Recall that there exists a unique *-anti-automorphism R on A such that 
K = RT_i/2 = T_i/2R and R^ = id^. This decomposition of k is called the 
polar decomposition of k; R is called the unitary co-inverse of A. 

Note that ^{R ® R)A = AR, where ip is the flip map. Also, HR ^ h. We 
refer the reader to section 7 of for these results. 

Lemma 7.1. Suppose that tt : A A is a surjective linear map. If tt is 
multiplicative (respectively, anti-multiplicative) and hn — h, then n pz = Pz tt 
(respectively, n pz ~ p^zT^), for all z Cz C 

Proof. We prove only the multiplicative case — the anti-multiplicative case is 
proved similarly. For a,b € A, we have h[pi{Tr{b))n{a)) = h{Tr{a)n{b)) = 
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h{ab) — h{pi{b)a) = h(^Tr{pi{b))'K{a)) . Therefore, surjectivity of tt and faith- 
fulness of h imply that pi(7r(6)) = iT{pi{b)). Hence, Lemma |9.2| implies that 
p^TT = TT pz, for all z £ C. O 

The following special cases should be noted: Tz Py = PyTz, Py R ~ Rp-y 
and Py K ^ K p-y, for all y, z G C. Note also that Tz R = Rtz and Tz n = ktz- 

Lemma 7.2. Suppose that (j) : A A is a surjective algebra homomorphism 
such that h(j) — h and such that h{a*(j){a)) is real, for all a G A. Then 
(a*)*) = a, for all a £ A. 



Proof. The function A x A ^ C : (a, 6) i— > h{b*(t){a)) is a hermitian form on A. 
Hence, for a,b £ A, h{<l){(t>{a*)*) <P{b)) = /i(0(a*)*6) = h{b*^{a*))- = h{acj){b)). 
Therefore, by faithfulness of h, 0((/)(a*)*) — a. U 

Let / denote the integral on Vl associated to 9. It is a twisted graded trace on 
(fi, d), by 0, Corollary 4.9]. This means there is an algebra automorphism a of 
of degree zero such ad = da and j uj'uj = (— 1)*^'/ a{Lu)uj' , for all nonnegative 
integers k and I and all cu £ flk and lo' € Vli. Faithfulness of J implies that a 
is unique. We call a the twist automorphism of J. Note that J a — J. Also, 
a{a{uj*)*) = CO, for all G 51. In order to prove this we may and will assume 
that u G rifc. Since J is self adjoint, we get for all rj G f2jv-fc, 



Va{a{curr = (-l)MA^-^-) ( y a(aH*)77*)" 



Therefore the faithfulness of J implies that a{a{uj*)*) = lo. The restriction of 
a to A will be denoted by ax, it is an automorphism on A. 

The proof of the following lemma is modeled on that of Proposition 3.14]. 

Lemma 7.3. (k^^ ^ cr)An = Aji a and a{n"") = fl"™. 

Proof. Let lu £ 0,^ and ?7 G Q,N-k- By Theorem 4.4], we have 



(id^® y ®CT)(An(w))(l0?7)) 

= K-^{ {idA ® y )((id^ «) a)(Ao(w))(l ® r/)) ) 

= (_l)^A^-'c) (id^ ® J ){An{v)il ® ^)) ) 

(id^f^ / )((l(»(7(cj))Ao (??)))= (id^® /)(Aj2(a(co))(l®77)) , 



Consequently, faithfulness of / implies that {k ^ ^a)Aa{uj) — Ao(cr(aj)). This 
equation clearly implies in turn that a(ri™'^) C fi™^. Since a{a{uj*)*) = uj, we 
have cr(fl'"^) = fl'"^. □ 

Theorem 7.4. For a/Z z Cz C , h aj[ = h, a_A Pz ^ pz 014 and (T4 = 04. 
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Proof. Theorem 4.5 of Q implies that h{a{a)) — J a{a)0 ^ J 9a — h{a), for 
every a G A, proving the first equation holds. The second equation now follows 



from Lemma 7.1 



Using Lemma 7.3, we see that, for z G C, 

{Pz K^^ (g) T^z f74)A = (g) T^z)l\aA = I^PzOA = l^OAPz 

= (k^^ (g) aX)I^Pz = Pz ® OA T-z)^ ^ (fiz ® (TA T-z) A , 

implying that (id^ ® t-z cu) A ~ (id^ ® oa r_z)A. Since A is the linear span 
of elements of the form (/ ® idyi)A(a), where a ^ A and / e A' , we conclude 
that T-z (^A = <^A T-z- n 

We extend the concept of a one-parameter group from a ^-algebra to our 
differential calculus f2. A map f3 from C into the space of algebra automorphisms 
on is a one-parameter group of automorphisms if Py+z = PyPz and l3{uj)* = 
(3z{uj*), for all y, z G C and uj £ Vl; furthermore, it is exponential if the map, 
C — ^ f2 : z I— > /^^(a;), is of finite exponential type, for all lo € fl. 

We shall call a family of elements {ej)j^j in A homogeneous if each of the 
elements Cj belongs to some space Aa, for some a e G. 

Theorem 7.5. Suppose that h(a*a(a)) > 0, for all a £ A. Then there exists 
a unique exponential one-parameter group (3 on such that (3i — a . Moreover, 
there is a homogeneous orthonormal basis {ej)j£j for A and there are positive 
numbers {^j)je.J such that (3z{ej) ~ XJ^^ Cj, for all j € J and z G C. 

Also, j3z is of degree zero, dPz = Pzd and J Pz = J ■ Finally, {tz (E)/3z)Aq = 
An/3, and/3,(r!'"") = 0" 



^inv 



Proof. Uniqueness of [3 is obvious, so we concern ourselves only with existence. If 
a e G, K^'^{Aa) ~ Ti{Aa) = Aa- Using Lemma [t!^, we get, for z, j = 1, . . . , iV, 



on 



No, 
k=l 

Applying id_4 (g) e to this equation, we get that the element <j{U^) is equal to 

J2k=i ^~^(^ifc) ^(^(f^fej)) ^ ^a- Hence, a{Aa) C Aa. Define the bijective hnear 
operator Pa on Aa by setting Pa{a) = o'(a), for all a G Aa- By assumption, 
{ Pa a \ a) — h{a*a{a)) > 0, for all a E Aa', hence. Pa is positive. This allows 
us to define complex powers of Pa ■ 

Now define the function 7 from C into the space of linear maps on A such 
that for z € C and a G G, we have that 7,(^0) C Aa and 7z(a) = Pa''^ for 
all a e Aa. It is clear that 7„i — cr^, for all n G Nq. 

By diagonalising each operator Pa , we can find a homogeneous orthonormal 
basis {ej)j(zj for A and positive numbers such that cr(ej) = XjCj, for 



all i € J. Then 7z(ej) = Aj*^ Cj, for all j £ J and z G C. Hence, Theorem 9.1 
implies that (74 is induced by an exponential one-parameter group, which must 
be equal to 7. 

Let z G C. We will extend 7, to f2. Let m and be a nonnegative and a pos- 
itive integer, respectively, and let Vjk be elements in A, where j — I, . . . ,m and 
fc = 0, . . . , n, such that X^fci ''^jo dvji . . . dvjn = 0. Define the map / : C — s- 57 
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by setting f{y) = Yl'Jlilyivjo) d{jy{vji)) . . . d{^y{vjn)), for all y e C. The 
function / is clearly of finite exponential type. Moreover, for / G Z, we have 



m m 

Hence / = 0. In particular, f{z) = J2T=i 7z(«jo) d{'^2:{vji)) ■ ■ • (i(7z(wj„)) = 0. 

This allows us to define a map (3 from C into the space of linear maps on f2 
such that each f3z is of degree zero and 

/3z{vodvi . . . dvn) = 1z{vq) d{jz{vi)) . . . d(72(u„)), (6) 

for all z € C, n g No and vq,... ,Vn & A. Hence, each f3z is an algebra 
homomorphism extending 7^ and Pzd — d(3z- The equality 7z(a)* — 7z(a*), 
for all a ^ A, extends easily to the equality /?z('^)* — Pz{^*), for all e fi. 

Furthermore, because 7^7^ = ly+z, we get (iyPz — Py+z, for all y,z Q C. 
Therefore, /3 is a one-parameter group on f2. Combining Equation (||) with 
the fact that 7 is an exponential one-parameter group on A shows that (3 is 



exponential. Since Jc = J, the remarks preceding Theorem 9.1 imply that 
10^ = 1- 

If G f2, the functions z 1^ {tz ^ (3z)^n{i^) and z 1-^ Aq{(3z{^)) from C to 
A(^il are of finite exponential type. For n G No, we have (r„i (g) /3„i)An(t^) = 
(g) cr")An(w) = Ao(cr"(w)) = An(/3m(w)). Therefore, the two functions 
agree on the whole complex plane. We conclude that (r^ (g) f3z)Afi — Ao/3z, for 
all z £C. Clearly, this equality implies that /32(f7'"^) = f7'"^, for all z G C. □ 

The condition h{a*(j(a)) > is not easy to check. However, in the next 
result we give some equivalent conditions, of which the third one can be easily 
checked on an algebraic level. 

Corollary 7.6. The following conditions are equivalent: 

1. h{a*a{a)) > 0, for all a G A; 

2. There exists an algebra automorphism (f> on A such that (p'^ = a_A, h(/) = h 
and (f)((f>{a*)*) = a, for all a G A; 

3. There exists an algebra automorphism (f) on A such that — (J_a, 
{n/2 ^ 0)A = Acj) and 0((/)(a*)*) = a, for all a e A 

Proof. First we show (1) (3). Therefore, assume Condition 1. By the 
theorem, there exists a unique exponential one-parameter group (3 on A such 
that pi = oj^. Put 4> = Pi/2- Then <j) satisfies the conditions in the Condition 3. 

The implication (3) => (2) follows from fact that the equality (rj/2 (g (/))A = 
A(j!) implies h<j) — h. 

Finally, we show the implication (2) ^ (1) holds: Assuming (2), we get, 
for a e A, h{a*a{a)) = h{a*(l)^{a)) ^ h{(t>-\a*,p^{a))) = h{(l)-^{a*)<l){a)) = 
h{(l){a)*(l){a)) > 0. □ 
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It is useful to note that, of course, the equations in Condition 3 of the 
corollary hold for all a in if they hold for all a in a set of algebra generators 
of A 

Suppose that h(a*a{a)) > 0, for all a ^ A. Let /? denote the unique expo- 
nential one-parameter group on Q such that f3i — a. We denote by 7 and 7' the 
exponential one-parameter groups on A obtained, respectively, by restricting /3 
and by setting 7^ — R-f^ R, for all z e C. 

Since cr^ pz = Pz 014 and (74 Tz = Tz aj^, for all z € C, Lemma 9^ implies that 
ly Pz = Pz ly and 7y Tz = Tz 7y, for all y,z &C. Because k = -Rr„i/2 = T^i/2R, 
we get 7^ = KjzK~'^ = K^^jzK. Also, ^yPz = Pz% and j'^Tz = Tzj'y, since 
Rpz = p-zR and Rtz ~ TzR. 

Lemma 7.7. Suppose that h(a*a{a)) > 0, for all a (z A. Let y, z e C. Then 

1. (7>r,)A = A7^; 

2. {i,®-fz)^ = ^izlzT-z; 

3- izly = lyiz- 



Proof. Theorem 7.5 implies that {tz ®^z)^ — ^Iz- Hence, if ip is the flip map, 

(7^ ® Tz)A = {kJz ® KTz K~^)A — {n-fz ® KTz)lpAK'~^ 



and therefore. 



il'z ® 7^)A = (7^ T2 (g) 7^ T^)Ar_2 = (7^ Tz (g) 72)Ar_ 

= h'z ® Tz) A7z = A7^ 7z T_z . 



Also, 



^I'z ly = ® Tz)A-fy = (7; Tj, (g Tz -fy)A 

= (Ty 72 7y Tz)A = (Ty (g> 7y) A7^ = A7j^ 7^ . 
Therefore, injectivity of A implies that 7^ ly = ly I'z- '-' 

Lemma 7.8. Suppose that h{a*a{a)) > 0, for all a € A. For every integer 
k e No, there exists a basis (wfen)™=i for Q^^^^ and positive numbers (t'/cn)™^! 
such that I3z(ujkn) — V^n' LOkn, for all n — 1, . . . , and z G C. 

Proof. Define the linear map w : A fli hy setting w{a) — m{K (g d)A{a), for 
all a Cz A. Here m : ili — > ili is the linear map given by m(a (g) to) — aoj, 
for aW a € A and G fJi. Observe that w{A) = fi™'^. We refer the reader to 

Section 14.1.1] for more information on the map w. 

By Lemma [7.7| , we have, for all a € A, 

(3z{w{a)) = l3z{m{K®d)A{a))^m{-izH®Pzd)A{a)^m{K.-i'^®d-iz)A{a) 

= 7n{K®d)A{{^'^-1zT-z){a))^w{{i^-fzT-z){a)) . (7) 

Define the automorphism on ^ by setting = 7jy2 7i/2 ''"-i/2- Then 
0^ = -f'^jiT-i, h(j) — h and (/)(0(a*)*) = a, for all a E A. As in the proof 
of Corollary 7.6, this implies that h{a*(tP'{a)) > 0, for all a E A. 
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Let a G G. In the same way as in the beginning of the proof of Theorem 7.5, 
the equahties ^'^1/2 ~ (%'/2 ® ^^'^ Til2{^a) = Aa allow us to conclude 

that 7^/2 (^«) ~ -^a- Similarly, 7^/2 (-^q) — Aa- Hence, <i>{Aa) = Aa, for all 



a € G. We can therefore use the same idea as in the proof of Theorem 7.5 to 
find a basis {fj)jeJ of A and positive numbers such that (ji^ifj) ~ fj, 

for all j G J- 

Equation (0) gives I3i{w{fj)) = iijw{fj), for all j e J. Hence, Pii{w{fj)) = 
{I3if{w{fj)) = ti]w{fj), for all I e Nq. The functions z ^ I3:,{w{fj)) and 
z 1-^ I^J^^ w{fj) from C to fli are both of finite exponential type and agree 
on Nq i, implying that they are equal on the whole complex plane. Thus, 
P.iwifj)) = tij^' wif,), for all zeC. 

The lemma now follows easily, using the fact that SIJJ*^ is the linear span 
of the elements w{fj-^) . . . 'w{fj^)^ where ji, . . . ,jk G J, combined with the fact 
that, for z G C, the multiplicativity of {3^ implies that (3z{w{fj^) . . -wi^fj^yj — 
if^ji ■ ■ • MiJ"'^ w{fj,). . . for all ji, . . . Jk e J. □ 

By defining the inner-product on each space iV^^ in such a way that the 
basis in the previous lemma is orthonormal, we get the following theorem. 

Theorem 7.9. There exists a graded, left-invariant inner product ( • | • ) on 
such that (cr(ijj) \w)>0, for all uj ^ il, if, and only if, h{a*a{a)) > 0, for all 
A. 



Theorem 7.10. Suppose given a graded, left-invariant inner product (■ | ■) 
on relative to which a is positive. Let [3 he the unique exponential one- 
parameter group on 17 such that [3i = a. Then the following conditions hold: 

1. ( [3z{oj) I w ) > 0, for all uj Cz Q and z G Hi. 

2. I ??) = (u; I f3-M), for allu;,rje n. 

3. d* Pz = Pzd*, DPz = PzD and V (3^ = V, for all z € C. 

4- For L the Hodge operator, we have L (3^ = (3^ L, for all z £ C. 



Proof. Combining Theorem 7.5 and Lemma 7.8 shows that there exists an 
orthonormal basis {rik)k<£K of f2 and a family of positive numbers {vk)keK such 
that /3z{rik) = Vk^^ rjk, for all k G K. From this. Conditions 1 and 2 follow. 
Condition 2 implies that, if z G C, then f3-z is adjointable and that its adjoint 
is (3z- Hence, taking the adjoint of the equation d/3_z — (3-zd, we get [3z d* — 
d* [3z ■ The other two equalities of Condition 3 follow immediately. 
If w, ?7 G fi, then, using the fact that J cr = /, we have 



u;*Liai7^)) = ( a{7j) | a; ) = ( 77 I ^(^) ) - J a(c.)*i(r7) 
a(aH*)a(L(77))= / uj* a{L{rj)) . 



Hence, by faithfulness of /, L{a{ri)) = a{L{rj)) and therefore, by Lemma 9.2 
(more precisely, by a result for that is analogous), L f3z = f3zL, for all 2; G C 
Thus, Condition 4 holds. □ 
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Theorem 7.11. Suppose that h(a*a{a)) > 0, for all a G _4. Then there exists 
a graded, left-invariant inner product ( • | • ) on f2 such that ( a{uj) \ to) > 0, for 
all oj G n, and such that the Hodge operator L associated to this inner product 
satisfies the conditions of Theorem \6. 1[ 



Proof. First we choose, as we may, a graded, left-invariant inner product ( • | • )' 
on n such that ((t(w) | i^)' > 0, for all w G fi. Now construct a new graded, 
left-invariant inner product ( • | • ) by the method outlined in Section ^. One 
easily checks that (cr(i^) \ uj) >0, for all uj G ilk, if fc 7^ N/2, by using the fact 
that a and the Hodge operator L' associated to ( • | • )' commute. We show now 
that by refining the method used in Section |^ to define the inner product on flk , 
when k = N/2, we can arrange to have in this case also that {o-{llj) \u!) > 0, 
for all u! G n,k- 

Let T be the unique linear operator on fl™'"' such that {Tuj | 77)' = / 'r]*uj, 
for all uj,v & ^k''- Then T* = [-l)HN~k)j,^ ^sing the fact that cr is a 
positive operator with respect to ( • | • )', and that, for uj,ri £ J ri*a{uj) — 

J a~^{r]*a(uj)) — J a{r])* uj, it follows that the operators a and T commute. 
Since these operators are normal, there is an orthogonal basis ui, . . . ,Um of 
ri)?^ consisting of eigenvectors of a and T. Setting Sk = 1, if (— = 1 
and Ek = i, if (— = —1, we can re-normalize the basis elements Uj 
to get a new basis ei, . . . ,em of eigenvectors of a such that J e*ep = zLskSpq, 
for p,q = 1, . . . ,m. We now proceed as before, in Section ^, to choose a new 
inner product on Q^^}^ making the basis Cj orthonormal. From this we complete 
our construction to get a graded, left-invariant inner product ( • | • ) on fJ. For 
this inner product the associated Hodge operator L satisfies the conditions of 



Theorem 6.1. Also, a is clearly positive for this inner product. □ 



8 Woronowicz's 3-dimensional calculus 

In this section we compute the eigenvalues of the Laplacian for a special 3- 
dimensional calculus over the quantum group SUq(2), where g is a real number 
for which < jgl < 1. This calculus has a special interest, since it was the first 
calculus constructed by Woronowicz in the quantum group setting. 

We begin by recalling some basic facts about the calculus (see |Q for de- 
tails). It is a left-covariant, 3-dimensional ^-differential calculus {fl,d) over the 
Hopf algebra Aq underlying SUq{2). The space V,™" has a linear basis 771, »72, % 
such that r]irj2,ri2rj3,r]3rji is a basis of Q,™^ and ?yi?72'?3 is one of fig"^. The 
involution on Q is determined by the relations 

v*i = qv3, V2 = -V2, V3 = (T^m- 

Left-covariance implies that there exists linear functionals X1jX2,X3 on A 
such that 

3 

da = ^{xr* a)Vr, 

r=l 

for all a £ A. We note that 

X*i = -q^^X3, X*2 = X2, X3 = -9X1- (8) 
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As usual, we shall set x — Y^r=iXtXr- Note that d{^™^) — 0, by Equation 
Set (3.13) of 

The following commutation relations will be needed frequently Table 5] 

mm = -qSiV2, mm = -q^mm, mm = -q^^mm- 

Note also that rjl = 0, for r = 1,2,3. It follows that mVsVt — c?7i 772173, for 
some scalar c and that c ^ if, and only if, the subscripts r, s,t are distinct. 
We set = mmV3- Then 0* = 0. 

We now choose an inner product on il'"^ such that the vectors 

1 , m, V2, m, mm , mm , mm , mmm 

form an orthonormal basis. In the usual way, this allows us to define a graded, 
left-invariant inner product on Q,. Then is a volume element, since 0* — and 
\\d\\ = 1. We let J denote the integral associated to 6. 

If rirVaVt = cmmm^ then c = / mVsVu hence, / rnVsm ^ if, and only if, 
r,s,t are distinct. 

Theorem 8.1. Q is non-degenerate. 

Proof. We have to show that if < fc < 3 and uj E il^ and uj'uj — 0, for all 
oj' G r^a-fc, then uj = 0. 

Consider first the case where fc = 0, so that uj = a, for some element a E Aq. 
Then, we suppose 0ba — 0, for all b E Aq. If we take 6=1, this becomes 0a — 
and therefore, a = 0, as required. 

Now we consider the case where k — 1. In this case we may write uj = 
^r=im'^r, for some elements ai,a2,a3 E Aq. If s,t are distinct elements of 
{1,2,3}, then — r/s?/t^ = VsVtm'^r^ where r, s,i are distinct. Hence, = 0. 
It follows that u! — 0. 

Suppose now fc = 2. In this case, we may write lo ~ mmm+mm'^2+mm^3i 
for some elements ai,a2,a3 E Aq. Then = 773W — mmm'^i- Hence, ai = 0. 
Similarly, 02 = and 03 = and therefore, u) — Q. 

If fc = 3, then cj = Icj = 0. 

Thus, in all cases, lj ^ Q and therefore U, is non-degenerate, as required. □ 

It follows from non-degeneracy of VL that / is faithful (Lemma |3.l[ ) and a 
Hodge operator L' exists (Theorem |3.2| ). We need to know the values of L' on 
771,772,773. First, set £'(771) = A1771772 + \2mm + hmVi, where Ai,A2,A3 are 
scalars to be determined. Observe that Jri*L'{rir) ^ (m \ Vs) — ^rs- Hence, 

1 = / r]iL'{rii) = J qm^imm = 9^1 j{-q)mmm = -q^^i J m{-q^mm) = 

Xi J 7717727/3 = q^Xi- Hence, Ai = q~'^ ■ Similar reasoning shows that A2 = 
and A3 = 0. Continuing this way we can calculate that 

L'ivi) = q^'^mm^ ^'('72) = -q^^mm^ l'{t]z) = qmm- 

Now we redefine the inner product on Vl as in Sectio n p| to obtain a new 
Hodge operator L satisfying the conditions of Theorem |6.l| . The new inner 
product remains unchanged on rip"^, fi'i"^ and fiij"^ (since L'{\) ~ 6), but on 
ri™^ it is chosen in such a way that L maps 17"™ isometrically onto il™^ . Hence, 
for the new inner product, the elements 

1, vi,V2, V3, q^'^viV2,qmv3, -q^'^mm^mmm 
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form an orthonormal basis. 

Since L = L' on fJ'"'^ and since = 1 we get 



L{m) = q ^mm, l{v2) = -q ^vsvi, l{v3) = qmm 



and 



q'v2. 



Now set i?o — id^^ and Er — E^^, for r — 1,2,3. Also, denote by Mq the 
restriction of d to fi"™ and, for r — 1,2,3, denote by Mr the operator on O'"^ 
of left multiplication by rjr- Using the usual identification of VI with Aq ® fi™^, 
we have d = X)r=o ® by Equation (||). li £ denotes the restriction of L 
to fi'"", then clearly L = idj,^ (g) I. Hence Ld = Y.l=a ® tMr- 

Now let T be the restriction map Ld: fii ^ ili, and, for r = 0, 1, 2, 3, let Tr 
be the restriction of iMr to 17']"'^. Then T = Y11=q Er®Tr. 

Observe that T ^ T* and that T'^{lu) = d*duj, for all lu G ^i. For, 
if uj,Lu' e rJi, then (w | Tw') = {u \ Lduj' ) = | d*Luj'), by Theorem |t]. 
Hence, | Tw') = (dw | W) = ( Ldw | L'^lj') (Tw | cj'), since = id. 
Hence, T is adjointable, with adjoint T* = T. Also, T2(w) = LdLd{uj) = 
d*LLd{uj) = 

This identification of a self-adjoint square root T for the restriction of d*d 
to ill will be the key to our approach to calculating the eigenvalues of the 
Laplacian V on fii. In fact, we shall calculate the eigenvalues of T and use 
these and some calculations from Section || to find the eigenvalues of V on 17 1. 

It is straightforward to calculate the matrices of the operators Tq, Ti, T2, 
(relative to the basis ryi , ??2 , % ) , using the following Cartan-Maurer formulas 
from |l|, Table 6]: 

drji = q^{l + 9^)771772, dri2 = qiJiVai d-q^ = 17^(1 + q^)ri2ri3- 

Hence, Ldrji — g^(l + q^)rii, Ldrj2 = q^r]2 and Ldrj^ = q{l + q^)r]3. Therefore, 
the matrix form of To is given by 



Tn = 



9^(1 + 92 









qil + q') 



Since Ti{uj) = Lirjiuj), we have T'i(?7i) = 0, 11(772) = q'^iji and 11(773) 
which gives us the matrix of Ti . We can calculate T2 and T3 similarly. We get 



q'^m, 





' 


q' 







\ -9" 
















Ti = 








q' 


, T2 = 








, T3 - 


-q' 
























q-^ 







-q' 






Now, if 77rs is the system of matrix units for 5(17'"^) corresponding to the basis 



tn,m,m^ then t = Y.r 



Til T12 7i3 
T21 T22 T23 
T31 T32 133 



_^ Trs <8) 77rs, whcrc, from our calculations, 
9^(1 



q''E2 



-q^Es 




q'Ei 
-,5 





q" q^Ei 
q^Es qil + q^) + q-^E2 
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It is useful to observe that, ii a £ Aq, then 



The formula for T we have derived is still not explicit enough to enable 
us to calculate eigenvalues. To make things fully explicit, we now need to use 
some aspects of the representation theory of SUq{2). Recall that this quantum 
group has a complete system of inequivalent invertible irreducible representa- 
tions W^, W^, . . . , W^^ , . . ., where W^'^ acts on a Hilbert space Hm of dimension 
M. 

The W'^'^ are defined as in Equation 5.32]. They are not unitary, which 
is not in line with our practice up to this of only dealing with unitary representa- 
tions. However, we shall be making extensive use of various formulas from p^ , 
so we use the W^^ . There is a standard way of constructing an equivalent uni- 
tary representation to a given invertible representation. If Qm = h{W^''*W^^) 
(that is, the scalar matrix got by applying h to each entry of W^'^*W^), then 

Qm is positive and invertible and f/*^ = QI^VF^^Qm irreducible uni- 

tary representation equivalent to W^^ . See Theorem 5.2] for details. 

We shall need some quasi-orthogonality relations for the W^'^ . Since the 
matrix entries of U^^ are orthogonal to those of J7^, if A'l ^ N, the matrix 
entries of W^'^ are orthogonal to those of W'^ . 

It is well known that Upl and Ul!^[ are orthogonal ii k u ||l^. Theorem 7.3]. 
It turns out that the elements have this property also and this will be 

important in the sequel. The reason is that in this special case the matrix 
Qm is diagonal, so that there are positive numbers qM(k) such that 1/^1 = 
qM{p)qM{k)-^W^t. 

For this example we even have that h{{W^l)*W^f,) = if k I or p ^ p' . 



A proof of this fact will be given in Lemma B.E . 

Fix M > 1. Set Ar = XriW^'), for r = 1,2,3 (these matrices are the 
infinitesimal generators of the representation W^^ , see ]T3| , Theorem 5.4]). Let 
TO be the integer or half-integer for which AI — 2m + 1. Then the space Hm 
admits an orthogonal basis ^-m, C-m+i, • • • , £,m-ii^m for which we have 

Ai^k = -Ck+i^k+i, A2^k = Afc^fe, As^k = qckS.k-1- (9) 
Here, for arbitrary k, we set 

X, = q'il-qT\q-^'^-l) 

and, for — m < k < +m, we set 

c, = q{l qT'liQ-'" - q'niQ-'^ - q-'^"-'^)]'/' ■ 

(Of course, Ck is dependent on to, that is, on M, as well as on fc, but we suppress 
this dependence in the notation for the sake of simplifying it.) 

So that our formulas will always make sense, we define ^-m-i — ^m+i = 
and c-m-i = Cjn+i = 0. 
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Denote by the matrix entries of W^^ relative to the basis f-m, • ■ • , 
To calculate d{W^j^) we need to calculate EriWM), for r ^ 1,2, 3. We have 



i—-\-'m i—-^m 

E,{WX) = (id ® Xi) E ^Wg= J2 M^k)Wp^! = -Ck+iW^+i- 

i—~m i——7ii 

By similar calculations we get the following: 

EiiWX) = -Ck+iW^+i, E^iWX = Afe%*f, E,{WX) = qCkWX-i- (10) 

So that these formulas always make sense, we define WXm-i — ^pfm+i = 0- 
For other purposes below, we also set Wpf_m-2 = ^X+'^ ~ ^' follows from 
the preceding equations that for k in the range —to, . . . , +to, 

dw^l = -ck+iWX+im + ^kW^m + qckWX-im- (n) 

Of course, TdW^l = Ld'^W^l = 0. Moreover, if M > 1, then dW^ is non-zero. 
Otherwise, = cl, for some scalar c (this is a "connectedness" result for 



SUq{2), see [|13|, Theorem 2.3]). Since W^^ and the unit 1 are orthogonal in Aq, 
because they are matrix elements of inequivalent representations of SUq{2), we 
must have c = 0. But then W^^ = 0, an impossibility, since W^^ belongs to a 
linear basis of Aq. Hence, dW^^ ^ 0, as claimed. It follows that dW^^ is an 
eigenvector for T. 

From these observations, it is plausible to conjecture that it may be useful to 
look at the linear space spanned by the vectors occurring in the righthand side 
of Equation (pT|). Indeed, this turns out to be the key to solving the eigenvalue 
problem for T. 

For p — —to, —to + 1. . . . , +TO and k — —to — 1, —to, . . . , to + 1, denote by 
£i{M,p, k) the linear span of the vectors W^+iVii Wp^r]2 and W^-iVs- Since 
'?i;'72,'73 are orthogonal, so are these spanning vectors. It follows that we 
have dim{£i{M,p, k)) = 3, if fc is in the range —to + 1, . . . , to — 1. If M ^ 1 
and k = —to or fc = +m, dim(£i{M,p,k)) — 2. If M 1 and k = —to — 
1 or fc = TO + 1, then dim(£i(Af, p, fc)) = 1. Finally, the spaces £i(l,0, — 1), 
£i(l, 0, 0) and £i(l, 0, +1) all have dimension one also. 

Set A = WX+,m, /2 = W/pY^2 and f, = 

We shall need the following result. 

Lemma 8.2. Let uj be an element of £i{M,p,k) that is orthogonal to dW^'l- 
Then d*LU — 0. 

Proof. We have uj = J2r=i'^rfr, for some scalars ai,a2,a3. Hence, d*u! — 
J2l=i '^rd*fr. Using Equation Set (p^, and the relations — —q~^Es, E2 



E2 and i?3 = —qEi, which follow from Lemma 2.3 and Equation Set (||), we 

calculate that = -Ck+iW^i, d* f2 = XkW^flnd d* fa = qckW^l. Hence, 

d*uj = (-aiCfc+i + a2\k + oiy,qck)W^. However, by hypothesis | ) = 
( UJ I dW^l ) = 0. Hence, d*uj = 0. □ 

It is clear that the spaces £i{M,p, fc) are pairwise orthogonal; more precisely, 
£i{M,p, k) _L £{M',p', fc') if (M,p, fc) ^ {M',p', fc'), since the elements W^l are 
orthogonal in Aq and r?2, ??3 are orthogonal in ^™ . Also, since fii is linearly 
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spanned by the vectors W^ijr , it is the orthogonal sum of the spaces £i{M,p,k); 
that is, 

f}i= Si{M,p,k), 

(M,p,k) 

where M ranges over the positive integers and p = —to, —to + 1, . . . , +to and 
k = —TO — 1, —TO, . . . , TO + 1 (and M = 2m + 1). We shall show that all the 
spaces occurring in this decomposition of fii are invariant under T . Hence, we 
shall have reduced the eigenvalue problem for T to the problem of explicitly 
calculating T on these spaces of dimension 1, 2 or 3. 

The relevance of this to the problem of finding the eigenvalues of V can now 
be stated very exphcitly. We can spht £i {M, p, k) into the sum of CdW^l and 
its orthogonal complement Ti (M, p, k) . By the same reasoning as we used in 
Section!, it follows from Equation Set (0) that W^l and dW^ are eigenvectors 
of V, with eigenvalue Vk given by 

Vk^cl+^+\l+q^cl. (12) 

(For dWpl to be an eigenvector, we need M > 1.) Observe that i^k > 0, unless 
TO = fc = 0, as is trivially verified. For to g J^i{M,p,k), we have d*uj — 0, 
by Lemma |8.2| . Hence, Vw = d*du; = T^uj. Therefore, using the invariance of 
the space £i{M,p, k) under T that we shall show below, and that T = T*, it 
follows from the equation TdW^l = that !Fi (M, p, k) is invariant under T also 
and therefore that J-'i{M,p, k) is invariant under V; moreover, the eigenvalues 
of V on this space are the squares of the eigenvalues of T on it. Thus, we 
have reduced the eigenvalue problem for V to the problem of calculating the 
eigenvalues of T on the spaces Ti{M,p, k). 

We calculate now the values of T on the vectors W^^iji, W^p/?/2 and W^ij^, 
where k is in the range —to, . . . , +to. We have 

r=l 

= {q^l + q^) - <z"Afe)M^*^?7l - q'ckW^i-iV2. 
by Equation Set (p^. Similarly, one can show that 

nw^im) = -q'ck+iW^;^+^ini + q'w^lm - q'ckW^!k-iVz 

and 

T{W^lm) = -q^Ck+iW^fk+lV2 + q{l + q')W^kV3 + q-^\kW^lm. 

However, it is elementary to show that q^{l + q^) — q^^Xk = —q'^^k-i and there- 
fore also q{l + q^) + q~^Xk~i = q'^Xk- Hence, 

T{fi) = -g^Afc/i - q'ck+ih, 
T{f2) = -q'ck+ih + q'f2 - q^Ckh 
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and 



n/3) = Vcfc/2+<z'Afc/3. 

Hence, £i{M,p,k) is invariant for T. 

Consider now the case that k is in the range — m + 1, . . . , m — 1, so that 
/17 /2, fs form an orthogonal basis for £ = £i{M,p, k). Our preceding calcula- 
tions show that the matrix form of the restriction Tg of T relative to this basis 
is given by 



Tf. = 



-q ck+1 




4 





4 

-q ck 



By Equation (pi]), dW^j^ belongs to £ and we showed above that TdW^j^ = 0. 
It therefore remains only to calculate the eigenvalues of Tf on !Fi = T\ (M, p, fc) . 
Let us write 



X 


s 


" 




s 


y 


t 







t 


z 





-q'^ck+i 



-q ck+i 
4 

-~q Ck 



4 

-q Ck 

q^Xk 



-q'^Xk -q'^Ck+t 


Then the characteristic polynomial P{X) ~ det(T£ — Al) of Tg is given by 

P{X) ^ -A^ + {x + y + z)A^ - {xy + yz + xz- - t^)A + xyz ~ t^x - s^z. 

Since is an eigenvalue of Tg, we must have xyz — t^x — z = 0. Hence, 

P{X) = -A(A^ - {x + y + z)X + xy + yz + xz- ~ t^). 

Set Bk = a; + y + z and Ck = xy + yz + xz — s'^ — . Then the eigenvalues of T 
on J-'i are given by 



{Bk± 



Bl - 4Cfc)/2. 



(13) 



Explicitly, 



Bk - (9' - /)Afc + 



(14) 



and 



Cfe = 9'^[(l-g*)A,-9'Af,-g' 



„6 2 



(15) 



The second equality in Equation (|T^) follows from Equation ( p2[ ) and the first 
equality in ( p^ ) together with the easily checked fact that Xk = c\ — q^c\^^. 

As observed above, the eigenvalues of V on Ti [M, p, k) are the squares of 
those of T, that is, (^^t)^ and (^^ )^- 

We turn now to the case where £ — £i{M,p, k) is 2-dimensional; that is, 
where M > 1 and k ~ —m or k = +m. 

Suppose first that k = —m. Then /a = and /i, /2 form an orthogonal basis 
of £. Hence, 



-q'Xk 

-q'^ck+i 



-q'^ck+i 

q' 
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Since one eigenvalue of this matrix is zero (because TdW^l = 0), the other 
eigenvalue on J^i{M,p, —m) is the sum of the diagonal entries — q^Xk- 

Similar considerations show that T has eigenvalue q^+q''\k on Ti{M,p, +m). 

Finally, we consider the trivial case where £i{M,p,k) is 1-dimensional: If 
M > 1, then k = —m — 1 or fc = m + 1, and it is trivially checked that 
the eigenvalue of T on £i{M,p, k) is —q'^Xk or q'^Xk, respectively. If M = 1, 
then £i{M,p,k) = £i{l,0,k) = Ti{l,0,k). Clearly, 0, -1) = C?7i and 

we computed earlier that Trji = ^^(1 +(7^)?7i; similarly, JFi(l,0, 0) = Cry2 and 
r(?72) = q^m; finally, we have 0, +1) = Crjs and Trjs = q{l + 9^)773. 

This completes the computation of the eigenvalues of T and therefore of the 
eigenvalues of V on ili. We summarize our results: 

The space fli is the direct sum of the spaces £i{M,p, k); that is, 

"1=0 £iiM,p,k) 

(M,p,k) 

and the spaces £i{M,p, k) are invariant under V. Hence, the eigenvalue problem 
for V is reduced to the problem of calculating the eigenvalues on these spaces 
of dimension 1,2 or 3. 

Case 1: If dimfi(M,p, fc) = 1 and M > 1, then V has eigenvalue q^'^X^ 
or q^Xl on £i{M,p,k); if dim£:i(M,j3, fc) = 1 and M = 1, then V has 
eigenvalues q^^{l + qY, <7^° and 92(1 + ^2)2 5i(l,0,-l), 5i(l,0,0) 
and fi(l,0,+l), respectively. 

Case 2: If dim£i(M,p, fc) — 2, then, on £i{M,p,k), V has eigenvalue 
Vk and either {q^ — q'^Xk)'^, if fc = — m, or {q^ + q^Xk)^, if fc = +m. 
Case 3: If dim£i{M, p,k) = 3, then V has eigenvalues Uk, {iJ-kY and 
{nlf, where 

= {Bk ± .JbI - ACk)/2, 

and 

Bk = (q^ - q')Xk + q^ and Ck = -q^^Vk- 



Because of our choice of inner product, the Hodge operator L commutes with 
the Laplacian V. Hence, the eigenvalues of V on Q.2 are the same as those on ili . 
The eigenvalues of V on are determined by the equation = i^kW^. 

Since L(rio) — ^3) and L commutes with V, the eigenvalues of V on Q3 are the 
same as those on flQ. We have therefore calculated all the eigenvalues of V. 

Now we turn to the question of trying to fit this three-dimensional differential 
calculus into the framework of Connes' non-commutative differential geometry. 
For this we shall need to obtain some asymptotic estimates for the eigenvalues 
we have just computed. 

Theorem 8.3. There exists a positive constant C{q), depending only on q and 
not on M , p and k, such that > C{q) ma.x{q~^'' , 1) on £i{M,p, fc). 

Proof. Since £i{M,p,k) admits an orthonormal basis of eigenvectors of V, 
we need only show that if is an eigenvalue of V on £i{M,p,k), then > 
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C{q) max(g~^'^, 1). We shall prove this only in the case that dim(fi(M,p, k)) ~ 
3. The cases where dim(£i (M, p, k)) is equal to 2 or 1 can be dealt with similarly, 
but much more simply. 

We first need to establish some lower bounds for when k ^ Q. If fc > 0, 
then fc > 1/2 and therefore q~'^^ > q~^, from which it follows immediately that 
Afc > 1. If fc < 0, then fc < -1/2 and therefore g"'"' < q"^. Hence, < -g^. In 
either case, > q'^, provided fc 7^ 0. Moreover, 

q-sk ^ q-8k _ 2q-ik _^ ^ q-ik _ I ^ 

{l-q^f XI 2(l-g^) Afc 1 
2(1 1 1 



< 



< 





9* 


(1 


-q^f 






(1 


-q'f 


9* 



q' \M A| 

2(1 1 (2-qy 



4 4 4 

q q q 



Since > q'^{2 — q^) ^, we have \\ > q^{2 — q^) ^ max((7 ^'^ , 1), provided 
fc 7^ 0. 

Since i'k> by Equation (|l^), this gives lower bounds for Vk also, when 
fc 7^ 0. If fc = 0, we use the inequality vq > q^c^. Since dim£i(M,p, fc) = 3, 
we have m > 1 and therefore g^™ < q^ and (j~2m -> ^-2_ Hence, we have 
cl > qHl - (z2™)(q-2 _ q^)(l - q2)-2 ^ _ g2m)(i ^ ^2^(1 _ ^2)-! > 1 + 
Thus, fo > 'Z'*- Therefore, for all fc, 

i^fc > a{q) max((j"^'', 1), where a((7) = (7''(2 - q^)"^. 

We turn now to the question of obtaining similar inequalities for the other 
two eigenvalues of V on fi(M,p,fc). Recall that these are (^^ )^ and (^jT 
where /U^ are given by Equation (|l3|). Hence, if /i is one of fj,~^ or , then 



= (Xfc ± ^Xl - 4C2)/2, 

where we set Xk ^ — 2Ck- It follows from Equations ( p^ ) and (15) that 

Xfe = 96 [(1 + ^8)a2 + ^4 ^ 2<z«4+i + 2q'cl]. (16) 



In particular, ^ 0, since > q^°. Note that > (x^ - y^X^ - 4C2)/2 = 
2CliXk + ^X'[- 4C^)-i > /Xfc, because v^^fc - < X^. Since Cfe = 
— g^°z/fc and i/fc 7^ 0, therefore Ck ^ 0. Also, since = q^^vf, we get C| is 
greater than or equal to each of the numbers g^^Al, ^20^2^2^^ and ^22^2^2^ by 
Equation (|l^). Moreover, C| > q^^a{q)vk > q^°a{qYq~^^. Using these inequal- 
ities and the inequality q~^^ /X^. < l/a{q), where fc 7^ 0, that we established 
above, we get 

q-'' ^ Xfeg-Sfc _ 5-8fe^6 [(1 + ^8) ^2 + ^4 + 2q^cl^, + 2q\l] 



- Cl Cl 

„-Sk „-8fe „-8fe .,-Sk 

< g6[(l + q^)q-^"aiq)-' + q-^'^aiq)-^ + 2q-^^a{q)-^ + 2g-20„(q)-i] 
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If we denote the reciprocal of the righthand side of this last inequality by 
61(g), then we have shown that > bi{q)q~^'^, whenever fc ^ 0. 

If we leave out the factor q^^'^ in the above inequalities and use the fact 
that, for /c ^ 0, we have > and therefore > q"^^, we get 

k 



^20^4 '■^^28' ^20q4 ^22^4 J- 

Hence, if 62(g) denotes the reciprocal of the righthand side of the last inequality, 
we have shown that /i^ > 62 (g) . 

Finally, we have to consider the case where fc = 0. (Then = and 
we cannot use the preceding estimates.) However, in this case, we have Cq = 
g20iy2 ^ ^20(^2^^2^2)2^ Equation (H); hence, > g^^cf > q'^^cj and 
Cq — l^^^^o — Q^^^o- Also, since i^q > a(g), we have Cq > g2°a(g)2. It follows 
from these inequalities that 

^^Xo^ .q^ 2q^ ^ ^^^ 21 21 

- Cl ^ ^Cl ^ Cl ^ Cl^-^ \^^a{(iY ^ g20 + q^^^' 

Thus, ^ > 63(g), where 63(g) is the reciprocal of the righthand side of the last 
inequality. 

Set 6(g) = min(6i(g), 62(g), 63(g)). Then 6(g) is a positive constant depend- 
ing only on g and not on M, p and k and, for /i — /i^ we have shown that 

> 6(g) max(g~^*'', 1), for all fc. To complete the proof (in the case that 
dim(£i(M,p,fc)) = 3), take C(g) = min(a(g), 6(g)). □ 

We now define a decomposition for the space fl that is analogous to that 
given for Qi: If m is a non-negative integer or half-integer, M = 2m + 1 and 
if p, fc = — m, — rn + 1, . . . , +m, set £o{M,p, fc) — CW^l; if fc = —to — 1 or fc = 
TO-H 1, set £o{M,p,k) = 0. Set £2{M,p,k) = L{£i{M,p,k)) and £3{M,p,k) = 
L{£o{M,p,k)). We have 

0=0 £{M,p,k) , 

{M,p,k) 

where £{M,p,k) denotes the orthogonal sum (B^^q £i{M, p, k). It follows from 



Theorem 8.3 that there exists a positive constant C{q), depending only on g and 
not on M , p or fc, such that, for M > 1, the restriction Vg of V to £{M,p, fc) 
satisfies the following inequalities 

V£>C(g), V£>C(g)g-8^ W £ > C{q)q~^'' . (17) 

For M = 1, these inequalities hold for Vg equal to the restriction of V to 
£ = £i(l, p,k)® £2(1, p,k) (V = on £:o(l,p,fc) ® £:3(l,p,fc)). The third of 
the inequalities in ( p7| ) is an easy consequence of the first two. The required 
inequalities for £q{AI,p, fc), when this space is non-zero, and M > 1, follow from 
the fact that the eigenvalue of V on £o{M,p, fc) = CW^ is Vk, which is also an 
eigenvalue of V on the corresponding space £1 {M, p, fc) . We are also using the 
fact that the eigenvalues of V on £2{M,p, k) and £z{M ,p,k) are the same as 
those on £i(M,p, fc) and £o{M,p, fc), respectively. 
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We set 



G{M,k) — (Sp^'t"n£{M,p,k) for fc = — m — 1, — m, . . . , m, m + 1. 

Then = (S (m ,k)S {M , fc), as an orthogonal sum by the orthogonaHty properties 
of the VF^^. 

Since Q{M,k) is finite-dimensional, and V is self-adjoint, the restriction 
V(M,fe) to Q{M,k) is diagonalisable; the inequalities in (p7|), for M > 1, imply 
corresponding inequalities for the eigenvalues of V(j\/ ^), from which it follows 
that 

Vt^M,k)>C{q), V(A«) > V(M,fc) > C(<z)<Z-4^ (18) 

Now define a bounded operator i? on by setting R = {1 + V)^^^^ . This 
is to be understood more precisely as saying that R is the direct sum of the 
operators R(M,k)i where R(M,k) = (1 + Since Ri^M,k) ^ Ij we have 

< 1. However, we can do better: it follows easily from the inequalities 
in (|l|) that 

P(A/,fc)ll <C(9)"'/'min(g2^g4fc)_ (^9) 



(We can easily modify C{q) by making it smaller so that (19) also holds for 
M = 1.) 

We recall from ||l^. Equation 2.16] that there are linear functionals /i, /2, /a 
on Aq such that 77^0 = (id (g) fr)A{a)r]r, for all a G Aq. Moreover, /a ~ fi and 
(/i ^ fi)^ = /2 = £ + {q^^ — 1)X2, where e is the co-unit of Aq. 

Set Br = friW^'). Then {B2)pk = ^pfc + (g"" - l)XkSpk = Also, 
Bi — B3 and -B^ = B2. Since ^2 is diagonal, with distinct diagonal entries, 
and Bi commutes with B2, therefore Bi is also diagonal. In fact, the diagonal 
entries of Bi are positive ||l3|, Equation 5.53], so {Bi)pk = q~^^5pk- Hence, for 
all r, 

l^rW^l = (id ® fr)A{Wp^^)r^r = {W^' Br)pkVr = q-^'^^^W^lVr. (20) 

where ei = £3 = 1 and £2 = 2. 

Suppose that M is an integer, M = 2m + 1, and that fc is a half-integer or 
integer. We define C/(M, fc) = 0, if Af < or if fc does not belong to the set 
{— m — 1, — rn, . . . , m, m -f 1}. 

Lemma 8.4. There exists a positive number C{q) (depending on q hut not on 

M or k) such that, for M > 1 and fc — ~ni — 1, — m, . . . ,m,m + \, we have 

1. Mi{g{M,k)) C g{M,k- 1) and || (Afi)g(M,fe) || < C{q)q-^\- 

2. M2{g{M,k)) C g{M,k) and || (M2)g(M,fc) II < C(q)q-^^; 

3. M3{g{M, fc)) C g{M, fc + 1) and || (Af3)e(Af,fe) II < C{q)q-^K 

Proof. The subset inclusions Mi{£{M,p, fc)) C £{M,p, fc- 1), M2{£{M,p, fc)) C 
£{M,p, fc) and M^{£{M,p, fc)) C £{AI,p, fc -I- 1) are easy consequences of Equa- 
tion Set (po|). The subset inclusions in Conditions (l)-(3) follow immediately. 
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The space £{M,p, k) is the hnear span of the orthogonal vectors 



9l 9l 5? " %*Cii(^i) W/jfL(r;2) w£_J.(^^ 



9l W^,L{1) 

Q-'W^k+iVim -q-'W^lv3Vi qW^i^,V2V3 

Hence, setting — {Bi)kk = 1^^^ and = 0, and using Equation Set ( pO| ) 

and the commutation relations for the products of the elements 771, 772 and 773, 
we get that the images of the above vectors under Mi are given by 

q-''bk-iW^{_,V2V3m 





that is, by 

bk9iVi 

-q^^h^glm -q^'^bk-iglm 

q-%k~l97m 





Now let Zr be the linear span of the vectors g^™, g^™'^^ , ■ ■ ■ , 5™- Note that 
the linear map, i?,,^ : uj i—f tor^i, is bounded, since it is the tensor product of the 
identity map on Aq and its own restriction to il"™, and the latter is bounded 
since fi™'^ is finite-dimensional. The norm of i?^^ clear depends only on q (pro- 
vided we fix, as we have, the inner product on fi'"^). Then, if w S Zi, Mi{ijj) = 
bktom, so that ||(Mi)zill < bk\\R,J. Similarly, ||(Mi)23|| < q-%k\\Rnil 
\\{Mi)z,\\ < q-^bk-i\\R^A\, \m^)z,\\ < q-%k^i\\R^A\ and Mi = on Z2, 
Z^, Zq and Zg. Now G{M, k) is the orthogonal direct sum of the spaces Zr, that 
is, g{M, k) = ®l^^Zr. It follows that 

\\{Mi)g(M^k)\\ = max(||(A/i)zJ|) < m&i^{hk,q-^bk,q-^bk-i,q-%k-l)\\Rn^\\ 

< max^q ,q q ,q ,q q iWRmW- 

Setting ai{q) = max(l,(7~'*)||i?,,J|, we get || (Mi)£;(M,fc) || < ai{q)q-^'' . 

One can obtain, by similar methods, positive numbers 02(9) and 03(9) such 
that ||(M2)g(M,fe)|| < a2{q)q-^'' and \\{M3)g^M,k)\\ < 03(9)9-'^ Setting C{q) = 
max(ai((7), 02(9), a3(g)), we get the inequalities in Conditions (l)-(3). □ 

If a € Aq, we denote by La the bounded operator on obtained by left 
multiplication by a. 

Theorem 8.5. Let (3 and 5 he nonnegative numbers for which (3 + 6=1. Then 
R^[La, D]R^ is a bounded operator on 51, for all a G Aq. 
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Proof. We shall prove that R^[La, d\R^ is bounded, for all a G Aq. This will 
suffice, since then, replacing a by a* and interchanging the roles of f3 and S, and 
using the fact that L*^ = La-, we get the adjoint ~R'^[La, d*]R^ of , 
is bounded. Hence, R'^lLa, D]R^ is bounded. 

Since [La, d]{oj) — —{da)uj, for all w S $7, we have [La, d] = — Y^^=i I^xr*aMr- 
Consequently, it suffices to show that R^ LaMrR^ is bounded, for all a € Aq 
and r = 1, 2, 3. 

Let T denote the set of all bounded operators in B{Q) for which there exist 
iV e Z and Z € iZ such that Tg{M, k) C g{M + N,k + I), for aU M € Z and 
A: € iZ. One easily checks that T is self- adjoint and closed under multiplication, 
so that its linear span T' is a self-adjoint subalgebra of Hence, by the 

following lemma, La G T', for all a G Aq. Thus, to prove the theorem, we need 
only show now that Rf^TMrR^ is bounded, for all T G T. We shaU show this 
only in the case that r = 1. The cases where r = 2 or r = 3 have similar proofs. 
Before proceeding let us note firs t th at by combining Inequality and the 



inequality in Condition 1 of Lemma 8.4 we get a positive constant C depending 



-2k 



only on q such that ||i?(A.f,fc) li < and || (Mi)£;(M,fc) || < Cq 

Suppose then T €T and iV G Z and ^ G ^Z are such that for aU A/ 1, 2, . . . 
and k = -m - l,m, . . . ,m,m + 1, we have Tg{M, k) C g{M + N,k + I). Let 
Lo G giM, k). Then TAhR^uj G g{M + N,k + l-l). Hence, 

[[RPTNhR'uj[\' < C2^'g4(fc+;-i)/3||2^M^^^^||2 

< C'''q^^''+'-'^^[\T[\'c\-^'C^'q^''[\Lj[\' 

= C2('3+*')C2||T||'g4fe(/3+5)^4(;-l)/3^-4fe||^||2 

It follows now, from orthogonality of the image spaces R^TMiR^g{M, k), that 
R^TMiR^ is bounded. □ 

Lemma 8.6. If a and"/ are the canonical generators of Aq (see j^^), then L^ 
and L^ belong to the linear span of the set T defined in the preceding proof. 

Let us introduce some extra notation. We will use the elements Xk introduced 
in the proof of [p^ , Theorem 5.8], but add an extra parameter into the notation. 
Let m G ^Z. Then wc define = Q,"i+'=(-y*)™-'= for k = — m, ... ,m. 

For fc G Z and y G we set y{k) — y'' if k > and y{k) — {y*)~^ if 
< 0. We also define a{k, I) = a{k) j{l) for all fc, Z G Z. It follows from [p^ 
Theorem 1.2] that the family {a{k,l) (7*7)™ | fc, / G Z,to G N} forms a linear 
basis for Aq. So if ^1^(7*7) denotes the unital *-subalgebra of generated by 
7*7, we see that Aq is the direct sum (3u,v€za{u,v)Aq{'j*j). 

Lemma 8.7. Consider M G Nq and m G ■^Z so that M = 2m + 1. If j, k G 

{-m, ... ,m}, then Wf^ G a(j + k,k- j) ^^,(7*7) 

Proof. We proceed by induction on M. Since Wqq = 1, the lemma is certainly 
true for M = 1. Next we suppose that M > 1 and that the lemma is true for 
M -1. 
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(1) Let J e {-m, ...,m}. Clearly, x™„ = (7*)^'" thus Ell-™ ^ „ = 
A (7*) 2™ = (a (g) 7* + 7* (g) a*)^™. Since a (g) 7* and 7* g) a* commute up to a 
scalar, there exist complex numbers r_m, ■ ■ ■ ,rm such that 



(7*(ga* +a(g7*)2™ = ^ r, (a ® 7*y+'"(7* ® a* 

?n 
i— — m 

thus, VF/1„, = a(j - TO, - J - m). 



(2) Let k e {— m + 1, . . . ,to} and j £ {—to, . . . ,to}. Clearly, a a; 
Hence 

E ® = A{xT) = A(aa:^_7) = A(a) A(x™7) 



i——m+^ 



2 

fc-i ~ ■ 



M-1 



m m — 1 

2— — m+l 2— — m 

This implies the existence of complex numbers c, d such that equals 



caW. 1, I + d^W ."^i , 1. Therefore the induction hypothesis implies that 



W^j^^' e a a(j + /c - 1, A: - j) ^,(7*7) + 7 a(j + A:, fc - J - 1) A(7*7) 

Since a a{p, q) G a{p+l, q) ^^(7*7) and 7 a{p, q) G a{p, q+1) Aq{'j*j), it follows 
that Wf^ € a(j + /c, fc - j) A(7*7)- 

So we have proven that Wp! G a{j + k,k — j) ^^^(7*7) for all possible values of 
j and k. □ 



Lemma 8.6 will be an immediate consequence of the next one. 
Lemma 8.8. Consider M e Nq and to e i Z so that M = 2m + 1. // 



J, fc e {-TO, . . . , to}, t/ien a Wfi e C + C Wf^^^, and 7 T4^*^ e 



J 2 '"'^2 J 2''^^2 



Proof. One easily checks that W"^ = ^* J' ^o^a = I7 this 

implies that the lemma is certainly true if M — 1. From now on, we suppose 
that M > 1. 



35 



By [O, Theorem 5.11], we know that the tensor product representation 
T/t/2 (g, is equivalent to W^~'^ ® W^^+^, that is, there exists an invertible 
matrix Q G M2a/(C) such that (g) W^' = Q{W^'-^ ® W"+^)Q-^. But 
a appears as a matrix element of W'^ ® W^'^ . It follows that a W^^ belongs 
to (W^^-i I r,s = -m + i,... ,m-i) + (W^*^+i | r, s = ~m - i, . . . , m + i ). 

By the previous lemma, a € a(j + fc + 1, /c — j) ^^(7*7). On the other 
hand, we know that W^^^^ £a{r + s,s- r) Aq (7*7) and W^t^ e a{r' + s',s'~ 
r') ^5(7*7), for all r, s G {— rn + i, . . . , m — i} and r', s' E {— m — ^, • • • , m + 
^}. Note also that j + k + 1 — r + s and /c — j = s — r<=>7' = j + i and 
s = fc + i. Since is the direct sum 0„^„a(M, u) ^^,(7*7), this implies that 
a WM G C W^[l\ ^ + C W^*f t \, , 1 • The statement concerning 7 is proven in 
a similar way. □ 



We used the next result earlier in this section but prove it here because it is 
an easy consequence of Lemma B.7. 

Lemma 8.9. Consider M G No and m G ^ Z so that M = 2m + 1. // 
J, k G {-m, . . . , m} arirf (p, j) ^ (p', fc), f/ien = 0. 

Proof. If i,j,i',j' G Z and 6, c G ^^^(7*7), equation ||l^, A 1.8] impHes that 

h{{a{i',j')cy{a{i,j)b)) = if {i,j) ^ By assumption, {p + j,j-p) ^ 

{p' + k,k~ p'). As a consequence, lemma implies that /i((%*^)*VFp*l) = 0. 
□ 



It is very unlikely that the Dirac operator considered here, fits into the 
framework of Connes' non-commutative geometry (although we do not have 
a proof of this fact). This provides another indication that generalisations of 
this non-commutative geometry have to be studied. One such generalisation is 
considered in |^], but we could not prove that our Dirac operator fits into this 
more general framework for non-commutative geometry. The problem lies in the 
fact that we can only prove Theorem |8.5| under the assumption that (3 + 5 = \ 
whereas the theory in |^ relies on the fact that this same theorem is true if 
P + 5<1 (see |, Section V.5]). 

In the next part we collect some concrete formulas for the one-parameter 
groups and twist automorphism. Let p the modular group and t denote the 
scaling group oi Aq. It follows from Appendix Al] that Pz{a) = q~'^^'^ a, 
Pz{l) = 7, Tz{q) = a and Tz{"f) = q^*^ 7, for aU z G C. 

We denote the twist automorphism of / by a. We know from ||l^. Table 1] 
that 6a = q^^ 9'y = q^^^. Thus a{a) = q^^ pi{a) = q^^ a. Similarly, 
a(a*) — q^ a* , (7(7) = q^^ ^ and cr(7*) = (?^7*. Since a commutes with the 
differential d, it follows from Table 3] that (7{rji) — q^ rji, a{r]2) — 772 and 
(7(773) — q~^ 773. In section ^ it turned out that it is beneficial to require the inner 
product on fi'"^ to be chosen in such a way that cr is a positive operator. Since 
771, 7/2 and 773 are eigenvectors of a with different eigenvalues, this requirement 
implies that 7/1 , 7/2 , 773 are necessarily orthogonal with respect to such an inner 
product (which is true for the inner product used in this section). Similar 
remarks apply to the second order forms. 

By the universality of Aq there exists a unique algebra homomorphism (f) : 
Aq Aq such that (/)(a) = q~^ a, 0(a*) = qa*, 4>{j) = 7 and 4>{-^*) = 7*. 
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One easily checks that 0^ (a) — a{a), (l){(j){a*)*) = a and (r; (g)(/))A(a) — A{(j3{a)), 
for all a G Aq (it is enough to check these equalities on the generato rs of Aq). 
Thus it follows from Corollary 7.6 that h{a*a{a)) > 0. By Theorem 7.5 there 
exists a unique exponential one-parameter group (3 on fl such that Pi — a. 

One easily checks that I3z{a) = q^"^^ a and (3z{l) = 9**^ 7, for all z € C. As 
before, H Table 2] imphes that /3^(?7i) = g-6*^r?i, /?/(?72) = 772 and fi^im) = 
(7^*^773, for all z e C. Also note that the inner product used in this section 
satisfies the requirements of Theorem |7.10| . 



9 Appendix: one-parameter groups 

In this appendix we present a self-contained brief account of the material on 
exponential one-parameter groups of automorphisms needed for this paper. We 
have included this since the material is not standard and we know of no suitable 
reference for it in the literature. 

Let /? be a map from C into the set of algebra automorphisms on a *- 
algebra B. Suppose that (3z{b)* — Pz{b*) and Py+z = PyPz, for all 6 G i? and 
z g C. Then f3 is called a one-parameter group on B. 

Note that /?o = ids and (Pz)"^ — P-z, for z E C. 

One-parameter groups become even more interesting if extra analyticity con- 
ditions are imposed. In the case of compact quantum groups an exponential 
growth condition can also be imposed. 

We say that an analytic function / : C — > C is of exponential type if there 
exist positive numbers M and r such that |/(z)| < Me'"'^™^', for all z £ C. 

It is easy to check that the functions of exponential type form an algebra. It 
is equally clear that for any positive number A, the function C — > C : 2 i-^- A*^ is 
of exponential type. The translate of a function of exponential type is another 
such function. 

Consider a vector space V and a function f : C V. We say that / is 
of finite exponential type if there exist elements vi, . . . ,Vn G V and functions 
/i, . . . , /„ of exponential type such that f{z) — J2]=i fji^) ^j: for all z £ C. 

Let f,g:C—^Vhe two functions of finite exponential type and c a non-zero 
number on the imaginary axis. Then, by [p^ , Lemma 5.5], / = g if and only if 
f{nc) = g{nc), for all n G Nq. 

Consider a one-parameter group /3 on a *-algebra B such that for every 
b € B, the function C ^ B : z i—^ f3z(b) is of finite exponential type. Then we 
call (3 an exponential one-parameter group on B. 

Let c be a non-zero number on the imaginary axis. Then an exponential one- 
parameter group on B is completely determined by its value at c: If /? and 7 
are exponential one-parameter groups on B, then /3 = 7 if and only if /3c = 7c- 

Another basic fact is the following: If r is a linear functional on B such that 
T Pc = T, then T Pz = T, for all z £ C. This is true because, for every b G B, 
the function C ^ C : 2; 1-^ T{Pz{b)) is of exponential type and r(/?„c(&)) = r(&), 
for aU n e No. 

In order to check that an algebra automorphism on a *-algebra is induced 
by an exponential one-parameter group, it is enough to check it on a set of 
generators: 
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Theorem 9.1. Let B be a *-algebra and S a subset such that S U {1} gen- 
erates B as a *-algebra. Let (j) be an algebra homomorphism on B satisfying 
(j){(p{b*)*) = h, for all b G B. Assume for every b G S the existence of a function 
f : C ^ B of finite exponential type such that f{ni) = 4>"'{b), for all n S N. 
Then there exists a unique exponential one-parameter group P on B such that 
/3i = ct>. 

Proof. Define T to be the set of elements b G B such that there exist a function 
f : C ^ B of finite exponential type satisfying f{ni) = (j)'^{b), for all n G N. 
Note that / is unique; we denote it by /(,. Clearly, 1 e T and fi{z) = 1, for all 
z G C. By assumption S CT. 

The set T is self-adjoint: To see this, let 6 G T and m G Ng. Then the 
functions C ^ B : z i-^ (P"^{fb{z)) and C ^ B : z i-^ fb{z + mi) are of finite 
exponential type and agree on the set Nqz. So they must be equal on the 
whole complex plane. Hence, (j)"^{fi,{—mi)) = /b(0) = b. Therefore, fb{—rni) = 
and fb{-mi)* = 4r{b*). It follows that b* gT and fb'{z) = fb{z)*, for 
all ^ e C. 

If b,b' G T and c,d G C, linearity of each (/>" implies easily that cb -\- db' E T 
and fcb+db' = cfb + dfb'. Also, multiplicativity of each ^" implies that bb' G T 
and fbb' — fb ft'- It follows that T is a *-subalgebra of B containing S and 1, 
and therefore it is equal to B. 

Define the function /3 from C into the set of mappings on B by setting 
l3z{b) = fb{z), for all .2 e C and b G B. The preceding considerations imply, for 
every z E C, that Pz is an algebra homomorphism and that (3z{b)* = Pz{b*), for 
all 6 e -B. It is also clear that Pni = </>", for all n G Nq. 

Let b G B, y G C, and m,n G Nq. The functions C ^ B : z Pz{fimi{b)) 
and C ^ B : z ^ Pz+mi(h) arc of finite exponential type and PniiPmi{b)) = 
= 0"+™(&) = Pni+mi{b)- Hence, both functions agree on the whole 
complex plane; in particular (3y{l3mi(b)) = f3y+miib)- 

Since the functions C ^ B : z i-^ (}y{(3z{b)) and C ^ B : z ^ 0y+z{b) are 
both of finite exponential type, the preceding considerations imply that both 
functions agree on the whole complex plane; hence, Py{Pz{b)) = Py+z{b), for 
all y,z G C. From all this we conclude that /? is an exponential one-parameter 
group on B. n 

Lemma 9.2. Let B be a *-algebra, n : B ^ B a linear map and fi an exponen- 
tial one-param,eter group on B. Let c be a non-zero number on the imaginary 
axis. If Ti Pc — PcT^ ( respectively, n^c = P-cT^ ), then w Pz = PzT^ ( respectively, 
■Kpz = P-zT^), for all z gC 

Proof. We prove the result only in the first case, where n Pc = Pc tt; the proof 
of the other case is almost the same. Let b E B. It is clear that the functions 
C ^ B : z n{Pz{b)) and C ^ B : z i-^ PzijTib)) are of finite exponential type. 
Our assumption implies that 7r/3„c = PncT^, for all n G Nq, implying that the 
above functions are equal on Nq i, and therefore on the whole complex plane. □ 
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